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Reduction of strongly equivariant bundle gerbes 
with connection and curving 

Kiyonori Gomi * 

Abstract 

From a certain strongly equivariant bundle gerbe with connection and 
curving over a smooth manifold on which a Lie group acts, we construct 
under some conditions a bundle gerbe with connection and curving over 
the quotient space. In general, the construction requires a choice, and 
we can consequently obtain distinct stable isomorphism classes of bundle 
gerbes with connection and curving over the quotient space. A bundle 
gerbe naturally arising in Chern-Simons theory provides an example of 
the reduction. 
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1 Introduction 

By the theory of Kostant [221 and Weil TI , the degree two cohomology classes 
of a smooth manifold are geometrically realized by Hermitian line bundles or by 
circle bundles through their characteristic classes. Similarly, the degree three 
cohomology classes admit various geometric realizations. The notion of gerbes, 
invented by Giraud |16|. is one of such realizations. Brylinski investigated the- 
ory of gerbes in detail, and provided a number of applications to geometry 
and topology |S]. In particular, connective structures and curvings, which are 
notions of connections on gerbes, are due to his work. 

In I^U], the author studied, under certain conditions, the relationship be- 
tween equivariant gerbes 7, 8^ with connective structure and curving over a 
smooth manifold M, on which a Lie group G acts, and gerbes with connec- 
tive structure and curving over the quotient space M/G. For convenience, we 
include here the result in a concise fashion. 

Theorem 1 (j20j). Suppose that the action of G on M is free and locally 
trivial, and that we can make the quotient space M/G into a smooth manifold 
in such a way that the projection map q : M —> M/G is smooth. 

(a) There exists a gerbe with connective structure and curving over M/G 
whose pull-back under q : M ~f M/G is isomorphic to a G- equivariant gerbe 
with connective structure and curving over M given, if and only if an obstruction 
class vanishes. 

(b) For a G-equivariant gerbe with connective structure and curving over M 
whose obstruction class vanishes, the isomorphism classes of such gerbes with 
connective structure and curving over M/G as in (a) are, in general, not unique. 

We notice that an obstruction similar to Theorem ^ (a) exists for a G- 
equivariant principal T-bundle with connection, where T = {w e C| |u| = 1} 
is the unit circle. In fact, the obstruction is the moment 0] associated with 
a G-equivariant T-bundle with connection. However, there is no counterpart 
of Theorem ^ (b) in considering equivariant T-bundles: there is exactly one 
isomorphism class of a T-bundle over M/G whose pull-back is equivariantly 



isomorphic to a given G-equivariant T-bundlc with connection whose moment 
vanishes. 

The proof of Theorem^is rather abstract: we use certain cohomology groups 
developed on the basis of Bryhnski's work f^- So it is left as a problem to 
construct concretely a gerbe with connective structure and curving over M/G 
from a G-equivariant gerbe with connective structure and curving over M . 

The purpose of the present paper is to answer this problem by using so- 
called strongly equivariant bundle gerbes |25[ I26| . The notion of bundle gerbes 
was introduced by Murray ^7\, as the other geometric realization of a degree 
three cohomology class of a smooth manifold. In fact, the stable isomorphism 
classes of bundle gerbes over M are classified by H^{M,'Z). As in the case of 
gerbes, bundle gerbes admit differential geometric structures called connection 
and curving. In |25j . Mathai and Stevenson defined an equivariant version of 
bundle gerbes. As they remarked, their definition is too strong in a sense. Later, 
in the preprint of |2f)j , Meinrenken proposed a general formulation of equivariant 
bundle gerbes. The equivariant bundle gerbes of Mathai and Stevenson are 
recovered in a special case, and are called strongly equivariant bundle gerbes. 

Now we explain the results in this paper: a construction of a bundle gerbe 
with connection and curving over M/G from a strongly G-equivariant bundle 
gerbe with connection and curving over AI. In the following, we call such a 
construction a reduction (or quotient) of a strongly equivariant bundle gerbe 
with connection and curving. 

First of all, we recall the definition of bundle gerbes, following [221 ■ ^ bundle 
gerbe Q = (F, P, s) over M consists of a surjective submersion -k : Y ^ M, a 
T-bundle P -^ Y'-'^' and a section s : Y^^' -^ SP such that Ss = 1. (See the figure 
below.) Here we denote by Y^p^ the p-fold fiber product of Y, and define SP as 



SP = nlP < 



TTgP, using the projection ttj : F^'^l —> Y^^^ omitting the 



zth factor. The T-bundle SdP and the section Ss are defined in the same way. 
Note that SSP is canonically isomorphic to the trivial T-bundle over yW. A 
connection on Q — {Y, P, s) is defined to be a connection 1-form V G ^/—lA^ (P) 
on the circle bundle P such that s*{5W) = 0. A curving for a connection V is 
defined to be a 2-form / e ypiA^lY) such that Sf = F(V), where F(V) stands 
for the curvature of V. 



SP SSP 



Ss=l 



G 
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Let a Lie group G act on M by left. A bundle gerbe G = {Y, P, s) is said to 
be strongly G-equivariant, when the action of G on M lifts to Y, the induced 




action on yl^l also lifts to P by bundle isomorphisms, and the section s is G- 
invariant. A connection V and a curving / are said to be G-invariant, when 
they are G-invariant differential forms. 

Next we describe the obstruction class to the reduction. Let Q = {Y, P, s) be 
a strongly G-equivariant bundle gerbe equipped with a G-invariant connection 
V and a G-invariant curving /. We define a map A : Y^^^ -^ Hom(g, v^K) 
by {X\X{yi,y2)) = V(p;X*), where p & P is a point lying on the fiber of 
(2/1)2/2) G Y^'^\ X* e TpP is the tangent vector generated by the infinitesimal 
action oi X £ g — LieG, and ( | ) : (8) Hom(g, v^K) -^ \^R is the natural 
contraction. Note that the value A (2/1,2/2) is independent of the choice of the 
point p on the fiber. The map A is the moment (^) associated with (P, V). We 
introduce the following vector spaces: 

C = Ai(Af,0*)eG°°(G,A°(M,0*)), 

g*E-AdgE = da9), 
Ad<,C(/i) - Cigh) + h*ag) - 0. 

Me^"(Af,r), 

E^dfi, 

C(5) =5>- AdgM. 

It is known 1^ that there is a map X : Y -^ Hom(g, \/^R) such that 5X — X. 
When we choose such a map A, we define {E, C) G Z by setting 

{X\n*E) = -i^ {{X\dX) + ix' f) , (1) 

{X\n*C{9)) = -^{X\g*X - Ad^A). (2) 

Though {E, C,) G Z above depends on the choice of A, the element [E, (] S Z/B 
is independent of the choice. We define /3g(S,V,/) G Z/B by /3g(^,V,/) = 
[i?, C]- The next theorem implies that /3g(5,V,/) is the obstruction to the 
reduction of (tj, V, /): 

Theorem 2. Let G and M he as in Theorem^ There exists a bundle gerbe 
with connection and curving over M/G whose pull-back under q : M —^ M/G is 
stably isomorphic to a given strongly G-equivariant bundle gerbe with connection 
and curving {G, V, /) over M , if and only if PaiGi V, /) = in Z/B. 

We remark that the obstruction Pg{G, V, /) £ Z/B originates in the study 
of an equivariant version of the smooth Deligne cohomology which classifies the 
isomorphism classes of equivariant gerbes with connective structure and curving 
|18|. We also remark that the expression of /3g(^, V,/) owes its simplicity to 
that of strongly equivariant bundle gerbes. 

Now we perforin a reduction of a strongly G-equivariant bundle gerbe with 
connection and curving (5, V, /). We assume that the action of G on M is as 
in Theorem ^ We also put the same assumption on the action of G on Y. 



In this case, a simple construction of a bundle gerbe G = {Y, P, s) over 
M/G is known |5Sj: we put y = Y/G and P = _P/G. Then the G-invariant 
section s : F^'^l -^ 5P corresponds to s : Y^'^^ — > 5P. However, V and / do not 
descend to give a connection and a curving on Q directly, since these G-invariant 
differential forms do not necessarily vanish in the direction of G. 

Let us suppose that the obstruction class Pg{G, V, /) vanishes. Then we can 
choose a map A : F — > Hom(0, \/—TM.) such that SX — X and {E, C) = 0, where 
{E, () & Z is defined by ^ and (0). By the assumption, q : M ^ M/G gives 
rise to a principal G-bundle, on which G acts by left. Let us choose and fix a 
connection S e A^(M, g) on this bundle. We define a 1-form k, £ v^-^^(^) 
by K = ('''*2|A), and consider the strongly G-equivariant bundle gerbe with 
connection and curving (Q, V — Sk, f — dn). We notice that {G, V — Sk, f — dn) 
and {G, V, /) are stably isomorphic. Because V — 5k, and f — dn vanish in the 
direction of G, they descend to give a connection V and a curving / on G, 
respectively. This construction is our reduction of {G, V, /): 

Theorem 3. The pull-back of (G, V, /) is stably isomorphic to {G, V, /) as a 
G-equivariant bundle gerbe with connection and curving over M . 

As is apparent, our construction depends on the choice of a map A. Let A' be 
the other choice, and (^, V',/') the bundle gerbe with connection and curving 
obtained by using A'. In general, V' coincides with V, while /' differs from /. 

Theorem 4. (^, V,/) and {G ,^ , f) are stably isomorphic, if and only if X' — X 
is the moment of a G-equivariant T-bundle with flat connection. 

We also shown that, if A is fixed, then the stable isomorphism class of 
{G, V, /) is independent of the choice of the connection S. 

One example of our method of reduction is given by the action of G = T 
on M = SU{2) through the diagonal embedding T — > SU{2). In this case, 
the reduction yields all the stable isomorphism classes of bundle gerbes with 
connection and curving over M/G = 5'^ by varying the choice of A. The other 
example concerns Chern-Simons theory. We study a bundle gerbe over the 
space of connections on the trivial SU {2)-hund\e over S^, on which the gauge 
transformation group acts naturally. The reduction yields a bundle gerbe with 
connection and curving whose 3-curvature is the canonical 3-form on SU{2). 
This example is also related to the Chern-Simons line bundle [l'A\ and to a 
quasi- Hamiltonian space introduced by Alekseev, Malkin and Meinrenken ^. 

This paper is organized as follows. Section |21-^ are preliminaries. In Section 
12 we briefly review the smooth Deligne cohomology group and its equivariant 
version ^J EU). In Section |3| we recall bundle gerbes and some basic facts 
related. In Section 01 we introduce Meinrenken's equivariant bundle gerbes, 
and explain the relation with strongly equivariant bundle gerbes. 

After these preliminaries, we construct, in Section[Sl an equivariant smooth 
Deligne cohomology class for an equivariant bundle gerbe with connection and 



curving. This is thought of as a characteristic class, and is a key to the study of 
/3g(^, V, /). In Sectional we show Theorem |21 by using results in Sectional and 
Section|Sl The reduction of strongly equivariant bundle gerbes is given in Section 
[7| We prove Theorem O and ^ in the section. A reduction of "trivializations" 
for equivariant bundle gerbes is also given. Finally, in Section |S1 we provide 
examples of reductions. 

Acknowledgments. I would like to thank T. Kohno and M. Furuta for useful 
discussions and valuable suggestions. 

2 Review of the smooth Dehgne cohomology 

In this section, we recall the smooth Deligne cohomology group |S1 ^2 ^] and 
its equivariant version |18[I21)| . 

2.1 Smooth Deligne cohomology groups 

As a convention of this paper, a "smooth manifold" means a paracompact 
smooth manifold modeled on a Hausdorff locally convex topological vector space. 
We also assume the existence of a partition of unity. We always work in the 
smooth category, so we often drop the word "smooth." 

Let M be a smooth manifold. We denote by T^^ the sheaf of germs of 
functions on AI which take its values in the unit circle T = {zeC| |z| = l}, 
and by A\.j the sheaf of germs of M- valued differential g- forms on M. 

Definition 2.1. Let iV be a non-negative integer. 

(a) We define the smooth Deligne complex !F{N)m by the following complex 
of sheaves on M: 

prflog 



Am * £±M ' £±M ^ ■ ■ ■ ^ £iM ^ u ^ ■ ■ ■ ■ 

where the sheaf T^j is located at degree in the complex. 

(b) We define the smooth Deligne cohomology group HP{M,J-'{N)m) by the 
hypercohomology group of the smooth Deligne complex. 

We often omit the subscripts oiT.MiA'ii and !F{N)m- 

Proposition 2.2 (IHl). Let N he a positive integer. 

(a) IfO<p< N, then Hp{M,T{N)) is isomorphic to HP{M,T), the coho- 
mology with coefficients in the constant sheaf T. 

(b) If p = N, then H {M,!F{N)) fits into the following exact sequences: 

— > H^{M,T) — > H^{M,T{N)) — > A^+^{M\ — > 0, 
— > A^{M)IA^{M)o — ^ H^{M,T{N)) — > H^+\M,Z) — > 0, 

where A'^{A'I)q is the group of closed integral q-forms on M. 

(c) IfN < p, then HP{M,T{N)) is isomorphic to HP{M,T) = HP+^{M,Z). 



2.2 Simplicial manifolds and simplicial sheaves 

We recall simplicial manifolds [31] and the notion of a sheaf on a simplicial 
manifold (a simplicial sheaf, for short) |1(J| . 

A simplicial manifold X, is a sequence of manifolds {Xp}pyQ together with 
face maps di : ^p+i ~^ Xp, {i — 0, . . . ,p + 1) and degeneracy maps st : Xp — *■ 
Xp+i, {i — 0, . . . ,p) obeying the following relations: 

di o dj = dj-i o ^^, {i < j), (3) 

SiO Sj ^ Sj+io Si, {i<j), (4) 

S■i^lO^^, {i<j), 

id, («=J,i + l), (5) 

odi^i, {i>j + l). 

The simplicial manifold that we will use is the one associated to a Lie group 
action. Let G be a Lie group, which is not necessarily compact. When G acts 
on a smooth manifold M (by left), we define a simplicial manifold G* x M by 
the sequence {G^ x M}p>o. The face map di : G^^^ x M —>■ G^ x M is given by 



dzigi 



and the degeneracy map Si : G^ x M ^ C+^ x M is given by 

Si{gi,---,gp,x) = {gi,...,gi,e,gi+i,...,gp,x). 

We note that the realization [2] of G* x M is the homotopy quotient |2] 
{EG X M)/G, where EG is the total space of the universal bundle for G. 

Let X, — {Xp}p>Q be a simplicial manifold, and 5, — {Sp}p>a a sequence 
of sheaves such that Sp is a sheaf on Xp. When there are homomorphisms 
di : d^^Sp — + iSp+i and Si : s^^5p+i -^ Sp obeying the same relations as Q, 
(0J and (jSJ, we call S, a simplicial sheaf on X,. For example, the sequence 
"Kx ~ {5x }p>o forms a simplicial sheaf by taking natural homomorphisms di 
and Si. 

The notion of a complex of simplicial sheaves is defined in a similar fashion. 

Definition 2.3 (jHl Ej)- We define an open cover of a simplicial manifold X, 
by a sequence of open covers U* = {hl'^P^p>o such that: 





[(52,. 


■■ ,5p+i,a;), 




i = 


gp+i,x) = 


Uffi,. 


• ■ ,gi~-i,gigi+i,gi+2,-' 


■ -igp+lyX), 


i^l,...,p 




Uffi,. 


..,gp,gp+ix), 




i^P+i, 



p, 



(a) U'^Pf ^ {f/^^p)}Q(P)ga(p) is an open cover of X 

(b) the index set 21*^^^ forms a simplicial set 21* = {2l'^^}p>o; 

(c) we have 9.(<+V,) C UJ^l^^,,,^ and s^UJ^l) C C/iffl^,). 

We can find in |Z1|2E| a construction of an open cover of G' x M. 



Let 5, — {5p}p>o be a complex of simplicial sheaves, where Sp is a complex 
of sheaves on X^. We denote by Sp ' the sheaf located at degree fc in the complex, 
and by d : iSp ^ 5p the coboundary operator. Let U* = {Z/^^^^}p>o be an 
open cover of X». We define a triple complex {K^'^''^, d,S,d) by 

K-^^^= n r(f/«, ,,,5f), (6) 



„(')'■■■' „(i) 

where we write U (j, (;, for the intersection U (^j n • • • n U (j, . The coboundary 

■ ■ ■ j J 

operator d : K^-'i^^ -> iC'+iJ.fc is given by 9 = ESC-I)'^;*. the S : K'-'i^^ -^ 
j^t.j+i.k jg ^Yie Cech coboundary operator, and d : K'^'i^^ -^ ^«j,fc+i jg induced 
from the complex (5| , d). From the triple complex, we obtain the total complex 
by putting C"^{U' ,S,) — ®m=i+j+kK^''''^, where the total coboundary operator 
is defined by _D = 9 + (— 1)'(5 + (— l)'+-'(i on the component K^'i^^ , We denote 
by H™{U' ,S,) the cohomology of this total complex. Now the cohomology 
H™{X,,S,) of the complex of simplicial sheaves S, is defined to be 

i7'"(X.,5.) =linii7"(Z^',5.), 

where the direct limit is taken over the ordered set of open covers of X,. 

When each open cover U^P' is a good cover |S1|5] of Xp, we callU* a good cover 
of X,. liW is a good cover, then there is a natural isomorphism H"^{t{* ,S,) = 
H"^X„S,). 

2.3 Equivariant smooth Deligne cohomology groups 

Let A^ be a non- negative integer. 

Definition 2.4. Let G be a Lie group acting on a smooth manifold M. We 
define a complex of simplicial sheaves J-{N)g'xm on G' x M by the sequence 
of smooth Deligne complex {J^{N)gpxm}p>o, where the homomorphisms di : 
d~^T{N)GPxM -^ ^{N)gp+^xm and Si : s~'^T{N)gp+ixm -^ ^{N)gpxm are 
the natural ones. 

We often omit the subscripts oi J^{N)g'xm, ^{N)gpxm, etc. 
The cohomology H"^{G* x M,T{N)) can be identified with the ordinary 
smooth Deligne cohomology on the quotient space under some assumptions. 

Proposition 2.5 ([20]). Let G be a Lie group acting on a smooth manifold 
M . We assume that the action is free and locally trivial, and that the quotient 
space M /G is a smooth manifold in such a way that the projection map q : M ~f 
MjG is smooth. For a non-negative integer N the projection map induces an 
isomorphism of groups 

q* : H''{M/G,T{N)m/g) -^ H'^iG' x M,T{N)g.xm)- 



This proposition suggests that H"^{G* x M,T{N)) is rather unsuitable for 
the classification of equivariant geometric objects, such as equivariant principal 
T-bundles with connection. So we introduce the other cohomology group in the 
below. 

For a moment, we fix a non-negative integer i. We have an obvious fibra- 
tion TT : G" X A/ -^ G* X pt, where pt is the manifold consisting of a single 
point. For a positive integer p, we define a subsheaf F^^^^^^ of A^;^^ by 

setting PP^^i^j^j — tt^^Aq;^ ® rdc^xAf where the tensor product is taken 
overTT-i^^.^pt. 

For an open subset [/ C G* x M, the group F^^Qiy^f^jiU) consists of those 
g-forms w on f/ satisfying lvi' ■ ■ ^Vg-^+i^ — for tangent vectors Vi, . . . , Vq-p+i 
at X £ [/ such that 7r:»T4 = 0. If {gj} and {xk} are systems of local coordinates 
of G and M respectively, then the q-form u; has a local expression 

^ = X! X! fj,K{g, x)dgj, A • • • A dgj^ A dxk^ A • • • A dxk^_^ . 

We define the sheaf of germs of relative g-forms with respect to the fibration 
G* X M ^ G* X pt by Al^i = ^g^xm/^^^g-xa/- We also define a complex of 
sheaves T{N)Q^^M on G' x M by 
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■f-//v^ . . Tp 2''^fT *^ 4I _1> /l2 d d aN r. 

■^(^^ JC-XM ■ JL > Arel ^ Arel * * iire/ ^ ^ * ■ 

Definition 2.6. Let G be a Lie group acting on a smooth manifold M. We de- 
fine a complex of simplicial sheaves T{N)g'xm on G* x M by the sequence 
{•^(-^)G'xAf}»>o-Thc homomorphisms 9^ : d^'^T{N)GPxM -* ^{N)gp+^xm 
and Si : s~^J^{N)gp+i-^m -^ ^{N)Gvy,M are the natural ones. 

In TF/^IT, the cohomology groups H"^{G' x M, T{N)) are called equivariant 
smooth Deligne cohomology groups. 

Note that, if the topology on G is discrete, then we have J^{N) — T{N), so 
that the cohomology H'^iG* x M,T{N)) coincides with H''^{G' x M,T{N)). 

Remark 1 . In '24' , Lupercio and Uribc introduced the Deligne cohomology group 
for the orbifold M/G by the cohomology H"^{G* x M, J^{N)), where G is a finite 
group. Since the topology on G is discrete, we have H"^{G' x M,T{N)) = 
H"'{G' X M,T{N)). 

When the Lie algebra of G is non-trivial, the cohomology H"^{G' x M, J^{N)) 
differs from H™-{G' x M,!F{N)) generally. To see a precise relation between 
these cohomology groups, we introduce a subcomplex of JF(A^)G'xAf as follows. 

Let us fix again a non-negative integer i for a moment. By means of the 
fibration G"^ x M ^ G^ x pt, we can form a subcomplex F^!F{N)GixM of the 



ordinary smooth Deligne complex ^(iV)QixM- 

I ^A^ ^£ ^ ^A^'^ ^A^ ^O^---- , 

U U U ■■■ U U U 

^- F^A^ -^ F^£ -^ ^ Fi^^'i ^ FU^ ^ ^- • • • . 

Now we define the subcomplex F^J^{N)c'xm by {-F^^(A^)g»xm}j>o- 

Notice that, for each i, the complex ^{N)Qi^j^j is obtained as the quotient 
^{^)g'xm/P^^{^)g^xm- Hence ^{N)q.xm fits into the the following short 
exact sequence: 

— > F^T{N)g'xm -^ HN)g'xm -^ HN)g'xm -^ 0. (7) 

This induces a long exact sequence of cohomology groups: 

^ H'"-^{G' X M, J'iN)) t i/™-i(G* X M, T{N)) 

-^ H-^iG* X Af, F^T{N)) —^ H"'{G' x Af, T{N)) -^ H"^{G' x Af, T{N)) 

^ H"'+^{G' X M, F^J'iN)) ^ H"'+^{G' x M, J^(iV)) ^ . 

We denote the Bockstcin homomorphism in the exact sequence above by 

13 : H'^iG' X M,T{N)) — > H"'+\G' x M,F^T{N)). 

Because G* x Af is assumed to admit a partition of unity for each i, the co- 
homology H'^{G* X M,F^!F{N)) is computed as the mth cohomology of the 
double complex {U'^ ,d, d) given by 

^,,, ^ r F^AHG^xM), {l<j<N), 

1 0, otherwise. ^ ' 

As is clear, H'^^G' x Af, F^T{N)) is a vector space over R. Since FW(Af ) = 0, 
we have H'^iG' x M, F^T{N)) = for m = 0, 1. 

In the reminder, we express H™{G* x A/, F^!F{N)) in a more accessible style. 
Let g be the Lie algebra of G, g* its dual space, ( | ) : g g* ^ M the natural 
contraction, and A'^(M, g*) the vector space of g*-valued g-forms on M. By the 
(co)adjoint, the Lie group G acts on g* by left: 

(XjAdg/) = (Ad.-iXl/), 

where X G g, / G g* and g E G. This induces a left action of G on yl''(Af, g*). 
On the other hand, the left action of G on A/ induces a right action on A'^(M, g*) 
by the pull-back: ^ k^ g*^ for ^ e ^'(Af, g*). 

Lemma 2.7 ([20j). There are isomorphisms 

H^{G' X M,F^T{1)) - {/i e A°(A//,g*)| 5*// = Adg^^} , 
H^{G* X M,F^T(2)) ^{fie A°(A//,g*)| g> = Ad^^u, d/i = 0}. 
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Proof. We only give maps inducing the isomorphisms in this lemma, and refer 
the reader to EO] for detail. Because F'^A^{M) = F'^A^{M) = 0, we have 

if2(G" X M,F^T{1)) = {ae F^A\G x M)\ da = 0}, 

H'^iG' X M,F^T{2)) = {a G F^A^{G x M)\ da = 0, da = O} . 

For a e Fiyli(Gx M), we define a* e A^{M,q*) by (X|^(x)> = a((e,a;);X©0), 
where a; G M and X g g = TgC. Then the assignment a i— > / gives the 
isomorphisms. D 

Corollary 2.8 (EqI). // [q,q] = fl, t/ien H^{G' x M,F^T{2)) = 0. 

Proof. Suppose that /i e A'-\M,2*) satisfies g*/i = Adg/i and d/i = 0. By these 
relations, we see that ([X, F]|/i) = for all X, F e g. Thus, if [g,g] = g, then 
^ = 0, so that H'^iG' x M, i^ijP(2)) = 0. D 

A map C : G ^ A°(A/, g*) induces a map G x M ^ g* by (g, x) ^ C{g){x). 
We say that C is smooth when the induced one is. Let C^{G, A°(M, g*)) be the 
vector space of smooth maps ( : G -^ A°(Af, g*). 

Lemma 2.9. There is an isomorphism H^{G' x Af, F\F(2)) = 2/S, where Z 
and B are defined by 



C = Ai(Af,g*)®C°°(G,AO(Af,g*)), (9) 

(10) 




g*E~AdgE = dC{9), 
AdgCih) - Cigh) + h*ag) - 

A*eA"(M,g*), ] 

B={iEX)eC E = dfi, \. (11) 

Cig) = .9*M - Adg^. J 

Proo/. RecaU that H^{G' x Af,P^JP(2)) is the cohomology of I©. Let [a,/3] be 
a class in the cohomology, where a G F^A^^G x Af) and /3 G ^^^^(G^ x Af). 
We define Hf3 G ^^^^(G x M) by setting 

iJ/3((5,x);5Xey)=/?((g,e,a:);0eXe0), 

where we expressed a tangent vector at g G G as gX G TgG using X G TeG = g. 
Note that cocycles {a, (3) and (a — (ii7/3, /3 + 9ii/3) induce the same cohomology 
class. Now we define E G A^{M,q*) and C G G°°(G, A"(A/,g*)) by 

(A|£;(a:; V)) = [a ~ dHf3){{e, x);X®0,0®V), 
{X\ag){x)) = (/3 + ai//3)((e, 5, x); A ® 0). 

By a lengthy calculation, we can see that the cocycle condition for {a, 0) implies 
that {E,Q belongs to Z. We next consider the cochain {a,P) of the form 
(a,/?) — (— ^7,57) for an element 7 G F^A^{G x Af). In this case, we define 
MGAO(A/,g*)by 

{XHx))^j{{e,x)-X®0). 
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By means of ^ above, we can show that the {E, () G Z defined by (a, /3) belongs 
to B. Therefore we obtain a well-defined homomorphism 

$ ; H^{G' X M,F^T{2)) — > Z/B 

by $([a,/3]) = [E,(]. In order to prove that <i> is an isomorphism, it suffices to 
construct the inverse homomorphism. For {E, C) € C we define a G F^A'^{GxM) 
and ^GF^A^{G^ X M) by 

a((g, xy,gX ® V,gX' © V) - {X\E{x; V')) - {X'\E{x; V)) 

+ {[X,X']\ae)ix)), 
/3((5i, 52, x);5iXi 32^2 (BV) = (Xi|C(ff2)(x)). 

If {E, () belongs to Z, then {a, f3) is a cocycle. Suppose that {E, () is expressed 
as in (inj) by a function ^ e A"{M,g*). Then we define 7 e FU1(G x Af) by 

^{{g,x);gX(BV) = {X\fi{x)). 

We can verify that the (a, (3) defined by (-E, C) is of the form (— <i7, 97). There- 
fore we obtain a homomorphism * : Z/B -> ff3((^. y- j^,^ i^ijr(2)) by *([£', ^]) = 
[a, 13]. Note that, if (-E, C) G Z, then we have 

([X,X']|C(e)(x)) = (X|ii;(a;;X'*)) - (XMC((e, x); X' ® 0)). 

Thus, we can see that ^ is the inverse of $. D 

Corollary 2.10. IfG is compact, then we can take a cocycle of the form (_E, 0) € 
Z as a representative of a class in H^{G' x M, F^T{2)) = Z/B. 

Proof. Suppose that a cocycle {E, Q G Z is given. Because G is compact, we 
can take an invariant measure dg on G. We assume that the measure is nor- 
malized. By the cocycle condition for (, we have C,{h) — Ad/j(Ad(g/i)-iC(5^)) — 
/i*(Adg-iC(ff)). Thus, if we define ^i e A^(M,q*) by ^ = /^gc Ad<,-iC(ff)rfff, 
then C(^) = Ad;,/i - h* n, so that [E, Q ^ [E + d/i, 0]. D 

3 Bundle gerbes 

In this section, we define bundle gerbes J27[I28| . following Meinrenken's formu- 
lation |2ni- We also recall some basic properties of bundle gerbes. 

3.1 A complex with no cohomology 

Let M be a smooth manifold. Suppose that we have the other manifold Y and 
a surjective submersion tt -.Y ^ M admitting local sections. The p-fold fiber 
product of TT : y ^ M is defined by Y^'^ = {(j/i, . . . , j/p)| T:{yi) = • • • = T^iVp)}, 
and the projections ttj : F'^I — *■ ylP^^l, (i = 1, . . . ,p) by omitting the ith factor. 
We define a homomorphism 5 : A«(y[P-il) -> A'i{Y^P^) hy 5 = Er=i(-1)'"^<- 
It is easy to verify that 55 = Q. 
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Lemma 3.1 f | 27| V For q > 0, the following sequence is exact: 

-> A'^iM) i A9(r) ^ A«(y[2]) i, A«(y[3]) i, . . . . 

When a principal T-bundle P -^ Y^P' is given, we define a principal T-bundle 
5P^yb+i] by setting (5P = 7ri*P(g)7r|P«^-i«)7r|P(g)---®7r;P®(-i'''"\ Notice 
that 55P ^ y[p+2] is canonically isomorphic to the trivial T-bundle over fIp+^I. 
In the sequel, similar notations will be used often: a section s : Y^p^ —^ P induces 
Ss : fIp+i] -^ 5P, and a connection V G \/^-A^(P) on P induces a connection 
6V on 5P. 

3.2 Bundle gerbes 

Definition 3.2 ([23111]). A bundle gerbe G = {Y,P,s) over M consists of a 
surjective submersion tt : y ^ Af admitting local sections, a principal T-bundle 
P — > F^^l, and a section s : F''^' — > (5P such that (5s — 1. 

For a bundle gerbe Q = (F, P, s), the inverse ^®^^ to CJ is defined by 
(r,P®-i,s®-i). When g^' ^ (r',P',s') is the other bundle gerbe, the prod- 
uct g (^g' is defined by (Y x^ Y' , P (g) P', s (g) s'), where F x^ F' ^ M is the 
fiber product of Y and F' . 

In |2ni, trivializations for bundle gerbes are called "pseudo line bundles." 
(The notion of pseudo line bundles appears in ^9, as trivializations for a cer- 
tain gerbes.) As principal T-bundles are used in Definition 13.21 we introduce 
trivializations for bundle gerbes by the name of "pseudo T-bundles." 

Definition 3.3 (123 EHl). A pseudo T-bundle {R,v) for a bundle gerbe g = 
{Y,P,s) consists of a principal T-bundle R ^ Y, and a section v : Y^^^ -^ 
^ (g) P such that Sv = s. 



A bundle gerbe admitting a pseudo T-bundle is said to be trivial. 

For a bundle gerbe g, there exists a cohomology class 5{g) S if^(M, T) = 
7J'^(Af, Z) called the Dixmier-Douady class of g. Under the inverse and the 
product, the class behaves as S{g'»-^) = ~6{g) and 6{g (g> g') = 6{g) + S{g'). 

Proposition 3.4 (j23)- ^ bundle gerbe g is trivial if and only if S{g) = 0. 

For bundle gerbes, there are two notions of equivalence: isomorphism and 
stable isomorphism. The former notion is stronger than the latter. 

Definition 3.5 (I23I21])- Let g = {Y,P,s) and g' = {Y',P',s') be bundle 
gerbes over M. 

(a) We define an isomorphism from g to g' by a pair (93, cp) consisting of a 
fiber preserving diffeomorphism ip : Y ^^ Y' and an isomorphism of T-bundles 
(f : P ^ P covering ip^^^ : Y^^^ -^ (Y')^^^ such that Sif o s = s' o ip^-^^. Here 
we denote by tpl^l : Y^p^ — > (y)[pl the natural map induced from ip, and by 
6ifi : dP — > dP' the isomorphism of T-bundles induced from ip. 

(b) We define a stable isomorphism from g to g' by a pseudo T-bundle (P, v) 
for ^®-i(g^'. 
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By the behavior of the Dixmier-Douady class under the inverse and the 
product, G and G' are stably isomorphic if and only if S{G) — 5{G')- Using this 
fact, we can see that the stable isomorphism is indeed an equivalence relation on 
bundle gerbes. Since isomorphic bundle gerbes have the same Dixmier-Douady 
class, they are stably isomorphic. However, there are bundle gerbes which are 
stably isomorphic but not isomorphic |27j . 

Note that the stable isomorphism classes of bundle gerbes constitute a group 
by the product and the inverse. 

Proposition 3.6 ((2S)- The assignment G ^-^ ^{Q) induces an isomorphism, 
from the group of stable isomorphism classes of bundle gerbes over M to the 
cohomology group H'^{M,T) ^ H^{M,Z). 

Let $ : M' ^ M be a smooth map. If tt : F ^ Af is a surjective submersion 
admitting local sections, then so is the natural map ^*Y -^ M'. Clearly, we 
have ($*y)W = $*(yW). For a bundle gerbe G = {Y,P,s) over M, the pull- 
back $*g is defined to be ($*r, ($[2])*p^ (*[^l)*s), where $M : $*r[pl -> F^ 
is the natural map covering $ : M' -^ M. The pull-back of a pscudo T-bundle 
is also defined in a similar way: let (i?, v) be a pseudo T-bundle for G- Then 
($*iJ, ($1^1 )*w) is a pseudo T-bundle for $*fj, which we denote by $*(i?, v). We 
note that the Dixmier-Douady class is natural under the pull-back operation. 

3.3 Connection, curving and 3-curvature 

Definition 3.7 (l23 HH). Let G = [Y, P, s) be a bundle gerbe over M. 

(a) A bundle gerbe connection (or connection, for short) V on C/ is a connec- 
tion V G y/-iA^{P) on the principal T-bundle P such that s*{SV) = 0. 

(b) A bundle gerbe curving (or curving, for short) / for V is a 2-form / € 
^J-iA^iY) such that 5f = F(V), where i^(V) is the curvature of V. 

(c) The 3-curvature fl oi a bundle gerbe G with a connection V and a curving 
/ is the unique 3-form fl G y/-iA^{M) such that tt*^ = df. 

As is known |27| . there always exists a connection on a bundle gerbe given, 
and a curving for a connection given. In general, there are various choices of 
a connection and a curving. For example, if / is a curving for V, then so is 
/ -h 7r*fT, where a G ^J-iA^iM). 

The inverse and the product for bundle gerbes with connection and curving 
are defined in a similar way: (e^,V,/)®-i = {G^-\V'^~\~f), iG,V,f) (g) 

(e',v',/') = (e®e',v®v',/ + /'). 

Definition 3.8 ( j27Ll28] \ Let (^, V) be a bundle gerbe with connection over 
M, and {R,v) a pseudo T-bundle for G = {Y,P,s). We define a connection r] 
on {R, v) to be a connection 77 G \/^"A^ (i?) on the principal T-bundle R such 
that w*(^77®-i® V) =0. 

A bundle gerbe with connection and curving (^, V, /) is said to be trivial if 
it admits a pseudo T-bundle {R, v) with a connection 77 such that F{vi) = /. 
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For a bundle gerbe with connection and curving (^,V,/) over M, there 
exists a cohomology class 6{G, V, /) S H^{M,!F{2)). Under the inverse and the 
product, this class behaves as 6{{g,VJ)®-^) = -S{g,VJ) and S{{g,V,f) (g) 
(e',V',/')) = <5(g,V,/) + <5(g',V',/'). 

Proposition 3.9 (|27p. A bundle gerbe with connection and curving (fj, V,/) 
is trivial if and only if S{Q, V, /) — 0. 

Definition 3.10 ([271 EH)- Let {Q,V,f) and (^',V',/') be bundle gerbes 
with connection and curving over M . 

(a) We define an isomorphism from (^,V,/) to (5', V',/') by an isomor- 
phism ((/3, (fi) : g ^ G' such that i^*V' = V and ip* f = f. 

(b) We define a stable isomorphism from {g,W, f) to (C/', V, /') by a pseudo 
T-bundle (i?,w) with a connection 77 for (^,V,/)'^-i (g) (^',V',/') such that 
Fiv) = f - /• 

Proposition 3.11 ([28]). The assignment Q 1— > 5(5, V,/) induces an iso- 
morphism from the group of stable isomorphism classes of bundle gerbes with 
connection and curving over M to iJ^(M, .F(2)). 

In Proposition|2i3(b), we have two surjections H^{M,J^{2)) -^ A^{M)a and 
iJ2(M,.F(2)) ^ H^{M,Z). The image of (5(5, V, /) under the first surjection is 
~^ ^, where J7 is the 3-curvature of (5, V,/). The image under the second 
surjection is the Dixmier-Douady class S{Q). 

As is noticed, we have a choice of a curving for a bundle gerbe connec- 
tion. Let i : A'^{M)/A'^{M)q -> H'^{M,J^{2)) be the injection in the second 
exact sequence in Proposition 12.21 fb). For a 2-form a G ^Z—lA^lM), we have 
HG^ V, / + 7T*a) = S{g, V, /) + i{^^^a). Hence Proposition El leads to: 

Corollary 3.12. The bundle gerbes with connection and curving [Q^V^f) and 
(5, V, / -f- 7r*(T) are stably isomorphic if and only if there exists a connection rj 
on a principal T-bundle R ^^ M such that Firf) — a . 

The notion of the pull-back of bundle gerbes with connection and curving 
is defined in the same manner as that of bundle gerbes. The class 5{Q, V, /) is 
also natural under the pull-back operation. 

4 Equivariant bundle gerbes 

In this section, we introduce the notion of equivariant bundle gerbes formulated 
by Meinrenken "26". As is mentioned in Section ^ the notion includes strongly 
equivariant bundle gerbes, i.e. the equivariant bundle gerbes studied by Mathai 
and Stevenson |25| . We also give the definition of strongly equivariant bundle 
gerbes, and explain the relation with equivariant bundle gerbes. 
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4.1 Differential forms in the direction of M 

Let M be a smooth manifold on which a Lie group G acts by left. Usually, we 
do not assume G to be compact. In order to define equivariant bundle gerbe, 
we use the simplicial manifold G* x M = {G^ x M}j,>o. 

Let Y, — {Yp}p>o be the other simplicial manifold. We denote by tt : Y, ^ 
G* X M a simplicial surjective submersion admitting local sections, that is, 
a sequence {Yp ^ G^ x M}p>o of surjective submersions which admit local 
sections for each p and are compatible with the face and degeneracy maps of Y, 
and G* x M. Note that local sections are not required to be compatible with 
the face and degeneracy maps. 

If TT : y, ^ G* X M is such, then the sequence Y, = {Yp }p>o becomes 
a simplicial manifold in a natural way. For a principal T-bundle P — > Yp we 
define a principal T-bundle dP -^ F^'f ^ by dP = d^P ® d^P'^'^ ® d^P ® • • • ® 
dp_^_iP^^~^^'' , where di : Ypf^ -^ Yp is the face map. It is easy to see that 

ddP -^ ^i+2 i^ canonically isomorphic to the trivial bundle. Similar notations 
will be used for connections, sections, etc. 

Remark 2. The family {Yp }p.q>o forms a bi-simplicial manifold. In [2S|, an 
equivariant bundle gerbe is defined in terms of the bi-simplicial manifold. To 
see the similarity between the definition of equivariant bundle gerbes and that 
of equivariant gerbes , we use this fact rather implicitly. 

As we see in Section|a we have the subgroup F^A''{Gp x M) of A''{Gp x M) 
for each p. We define the group A''{Gp x M)rei of relative fc-forms with respect 
to the fibration C x M -^ G^ x pt, or fc-forms in the direction of M, by 
A''{GP X M)rei = A''{GP X M)/F^A^(GP x M). We write [uj]rei e A^{Gp x M)rei 
for the element represented by tj G A'^{Gp x M). 

It is worth while to note that lo e A^{M) is G- invariant if and only if 
[dijj]rei = in A'^(G X M)rei- On the other hand, uj G yl'^(Af) is G- invariant 
and vanishes in the direction of G, if and only if duj = in j4'^(G x M). 

Let TT : Yp ^ G'' X M be a surjective submersion admitting local sections. 
Since it* : A'' (G^ x M) ^ A'' (fJ"'' ) is injective, we can regard F^A'' (G^ x M) as a 
subgroup of A'=(rj'^l). We define the group A''{YJ''^)rei by setting A''{Y^'^^)rei = 
A''{Y^'^^)/F^A''{GP X M). 

Let P -^ Yp be a principal T-bundle, and A{P) the space of connections 
on P. Because A{P) is an affine space under A^{Yp)^ we define the space 
A{P)rei of relative connections on P by A{P)rei = A{P)lF^A^{GP x M). It 
is clear that A{P)rei is an affine space under A^{Yp)j.ei- For V € A{P), we 
write [V]rei S A{P)rei and call it a relative connection. The curvature of [V]rei 
is defined to be ^([V],e;) = [^(V)],,, G .p[A^{Yl%,i. 
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4.2 Equivariant bundle gerbes 

We introduce here equivariant bundle gerbes formulated by Meinrenken pS]. 
However, bi-simplicial manifolds are not used, and the definition of connections 
is slightly different. 

Definition 4.1 ([26j). Let G be a Lie group acting on a smooth manifold M. 

(a) A G-equivariant bundle gerbe Qg over a manifold M consists of the 
following data: a simplicial manifold Y, — {l^}p>o with a simplicial surjective 
submersion tt : Y, ^ G* x M which admits local sections; a bundle gerbe 
(Fo, P, s); a pseudo T-bundle (Q, t) for (Yi, i9P, ds); a section u : I2 ^ dQ such 
that 5u = 9t®-i and du = 1. We write Go = (>",, (Yo, -P, s), (Q, i), w). 

(b) A (G-invariant) connection Vg on a G-equivariant bundle gerbe Qg 
consists of the following data: a connection V on (Yq, P, s); a relative connection 
Drei on the principal T-bundle Q ^Yi such that t*{5Df^^ ® [dV]rei) = and 
u*{dDrei) - 0. We write Vg = (V,D™0- 

(c) A (G-invariant) curving f for a connection Vg = (V, Drei) is defined to 
be a curving / for V such that F{Drei) — [df]rei- 

We often mean an "equivariant bundle gerbe with invariant connection and 
invariant curving" by an "equivariant bundle gerbe with connection and curv- 
ing." (We drop the word "invariant" for brevity.) 

If G is compact, then each equivariant bundle gerbe admits invariant con- 
nections and invariant curvings |26| . The choice of invariant connections and 
invariant curvings arc not unique. 

When {Qg, Vg, /) is a G-equivariant bundle gerbe with connection and curv- 
ing over M, the 3-curvature 17 of the curving / is a closed G-invariant 3-forin. 

As in the case of ordinary bundle gerbes, the inverse and the product are 
defined in a similar fashion. 

Definition 4.2 ([26 ). Let Qg = (Y., (Fq, P, s), (Q, t), u) be a G-equivariant 
bundle gerbe over M equipped with a G-invariant connection Vg = (V, Drei)- 

(a) A (G-equivariant) pseudo T-bundle for Qg is defined to be a pseudo T- 
bundle {R,v) for {Yo,P,s) together with a section r : Yi ^ 9i? (g) Q'^~^ such 
that Sr = 9v®-i (g> t and dr = u'^'^. 

(Jo) A (G-invariant) connection on ((R,v),r) is defined to be a connection 
77 on (R, v) such that r*{[dr]]rei (S> Df'i^) = 0. 

A G-equivariant bundle gerbe with connection and curving {Qg,^Gt f) is 
said to be trivial if it admits a G-equivariant pseudo T-bundle together with a 
G-invariant connection 77 such that F{r]) = f. 

Definition 4.3. We define a stable isomorphism between G-equivariant bundle 
gerbes with connection and curving {Qg, Vg, /) and {Q'g,^'g^ /') over M to be 
a pseudo T-bundle with connection {{R, v),r) for {Qg, Vg, /) (^ {Q'g, V'^, /')®"^ 
equipped with a G-invariant connection ry such that F{ri) = f — f ■ 

Let G and G' be Lie groups acting on smooth manifolds M and M' , respec- 
tively. If we have a homomorphism ip : G' ^ G and a map $ : M' -^ M com- 
patible with the actions, then we naturally obtain a simplicial map G'* x M' -^ 
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G* X M. We also denote this simplicial map by $. For a G-equivariant bundle 
gerbe Qg = {Y*, {Yo,P, s), {Q, t),u) over M, the pull-back ^*Gg is defined to be 
($*y,, $*(Fo,^, s),$*(Q,i),$*w). This is a G'-equivariant bundle gerbe over 
M'. In addition, a G-invariant connection Vg on Qg induces a G'-invariant 
connection <I>*Vg on ^*Gg, and a G-invariant curving / for Vg a G'-invariant 
curving <&*/ for $*Vg- 

4.3 Strongly equivariant bundle gerbes 

Let M be a smooth manifold with a left action of a Lie group G, and tt : Y ^ M 
a surjective submersion admitting a local section. Suppose that the action 
of G on M lifts to that on Y. In this case, we have a natural action of G 
on the fiber product Y^p^ compatible with the projections tt : F^pI -^ M and 
TT- : yM ^rb-i]. 

Definition 4.4 (|2S|). Let G be a Lie group acting on a smooth manifold M . 

(a) A bundle gerbe {Y, P, s) is said to be strongly G-equivariant if the fol- 
lowing holds: the action of G lifts to that on Y; the action of G on Y'-'^' lifts 
to that on the principal T-bundle P — > yPl by bundle isomorphisms; and the 
section s : FI'^I — > (5P is G-invariant. 

(b) A (G-invariant) connection on a strongly G-equivariant bundle gerbe 
(Y, P, s) is defined to be a connection V on (Y, P, s) which is G-invariant as a 
1-form on P. 

(c) A (G-invariant) curving for a G-invariant connection V on a strongly 
G-equivariant bundle gerbe (F, P, s) is defined to be a curving / for V which is 
G-invariant as a 2-form on Y. 

Lemma 4.5 f j26p . (a) A strongly G-equivariant bundle gerbe Q over M in- 
duces a G-equivariant bundle gerbe Qg over M . 

(b) A G-invariant connection \/ on Q induces a G-invariant connection Vg 
on the induced G-equivariant bundle gerbe Qg- 

(c) There exists a one to one correspondence between G-invariant curvings 
for V and those for Vg- 

Proof. For (a), let Q = (Y^P^s) be a strongly G-equivariant bundle gerbe over 
M. Then we have a simplicial manifold G* y. Y and a simplicial surjective 
submersion tt : G' x F ^ G' x A/ which admits local sections. We define a 
section t : G x Y^^^ -^ dP by t{g, yi, ^2) = P12 ® (ffPi2)®~^, where pi2 is a point 
on the fiber of P at (2/1,2/2) € Y^'^\ As is known ITj, the section obeys dt = 1, 
since P is G-equivariant. Because s is G-invariant, we have 5t ~ ds. Thus, if 
we put y. = G* X r, = Yi X T and M = 1, then Qg = [Y,, {Y, P, s), (Q, t), u) 
is a G-equivariant bundle gerbe in the sense of Definition 14.11 

For (b), observe that a G-invariant connection V on the G-equivariant 
T-bundlc P -^ yl^l is the same thing as a connection V on P such that 
\t*{dV)]rei = 0. If we take a relative connection Drei on the trivial bundle 
Q to be the trivial connection, then Vg — iy,Drei) is a connection on Qg in 
the sense of Definition 14.11 
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For (c), recall that a 2-form / on F is G-invariant if and only if [df]rei = 0. 
Since we have F(Drei) = 0, a G-invariant curving for V is the same thing as a 
G-invariant curving for Vq. D 

We remark that invariant connections on a strongly equivariant bundle gerbe 
are not in one to one correspondence with those on Qa generally. 

In the same way as the ordinary bundle gerbes, we can define the product 
and the inverse for strongly equivariant bundle gerbes. Under these operations, 
strongly equivariant bundle gerbes are closed. We can readily see that these 
operations are compatible with the constructions in Lemma 14.51 The same 
thing holds, when we take connections and curvings into account. 

Definition 4.6. Let Q he a. strongly G-equivariant bundle gerbe over M, and 
V a G-invariant connection on Q. 

(a) We define a (G-equivariant) pseudo T -bundle for ^ to be a pseudo T- 
bundle (i?, v) for Q (regarded as an ordinary bundle gerbe) such that i? is a 
G-equivariant T-bundle and d is a G-invariant section. 

(b) We define a (G-invariant) connection on a G-equivariant pseudo T- 
bundle (i?, v) for t/ to be a connection 77 on [R, v) which is G-invariant as a 
1-form on R. 

Lemma 4.7. Let {Q, V) he a strongly G-equivariant bundle gerbe with connec- 
tion over M, and {Qgi^g) the G-equivariant bundle gerbe with connection in- 
duced from (^, V). There is a one to one correspondence between G-equivariant 
pseudo T-bundles with connection for (^,V) and those for {Gg,^g)- 

Proof. Let (i?, v) be a G-equivariant pseudo T-bundle for Q equipped with a 
G-invariant connection rj. We define a section r : G x Y —^ OR by r{g, y) = 
P ® igp)'^~^, where p G R is a point on the fiber at y. Then we have dr — 1 
and [r*dr]\rei — 0. By means of the G-invariance of the section u, we can see 
Sr = dv®~'-^. Hence {{R,v),r) gives rise to a G-equivariant pseudo T-bundle for 
Ggj a-iid 77 is a G-invariant connection on ((i?, u), r). Conversely, let ((i?, u), r) is 
a G-equivariant pseudo T-bundle for Qg equipped with a G-invariant connection 
77. The conditions dr — 1 and [r*dr]]rei — mean that {R,ri) is a G-equivariant 
T-bundle with G-invariant connection. The condition 6r = dv'^~^ implies the 
G-invariance of the section v. D 

A strongly G-equivariant bundle gerbe with connection and curving (^, V, /) 
over M is said to be trivial^ when it admits a G-equivariant pseudo T-bundle 
{R,v) equipped with a G-invariant connection rj such that Fiji) = f. As a 
direct consequence of Lemma [4.71 [Q, V, /) is trivial if and only if the induced 
G-equivariant bundle gerbe with connection and curving {Qg, Vg, /) is trivial. 

Definition 4.8. Let [Q, V, /) and (t/', V', /') be strongly G-equivariant bundle 
gerbes with connection and curving. A stable isomorphism from (tJ,V,/) to 
(S',V',/') is defined to be a G-equivariant pseudo T-bundle with connection 
((i?, z;), 7?) for (5, V, /)®-i ® iG', V, /') such that F{r^) = f - f . 

The following is also a consequence of Lemma UTI 
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Lemma 4.9. (^,V,/) and (0', V',/') are stably isomorphic if and only if the 
induced ones are. 

Let G and G' be Lie groups acting on smooth manifolds M and M' , re- 
spectively. We also let : G' ^ G be a homomorphism, and $ : M' ^ M a 
map compatible with the group actions. When Q — {Y, P, s) is a strongly G- 
equivariant bundle gerbe over M, the pull-back ^*Q = (<i>*F, (l>[^l)*P, ($[^l)*s) 
becomes a strongly G'-equivariant bundle gerbe over M' through the homomor- 
phism (f). 

We denote by {^*G)g' the G'-equivariant bundle gerbe induced from $*t/. 
Because we can identify $*(G' x Y) with G'* x $*y naturally , we can also 
identify {^*G)g' with ^*{Qc)- In other words, the construction in Lemma [4. 51 
is compatible with the pull-back operations. The constructions of connections 
and curvings are compatible with the pull-back operations as well. 

5 Characteristic class 

The main purpose of this section is to construct a "characteristic class" for 
an equivariant bundle gerbe with connection and curving. We define it as 
an element belonging to the equivariant smooth Deligne cohomology group 
H^{G' X A/, JF(2)). The cohomology class is a key to the study of the ob- 
struction to the reduction, and will be used in the next section. 

In view of the aim of this paper, it suffices to consider strongly equivariant 
bundle gerbes only. However, we will deal with general equivariant bundle 
gerbes, because there is no essential difference in constructing the class. 

5.1 Local data 

To define a cohomology class in H^(G' x M, .F(2)) for each G-equivariant bundle 
gerbe with connection and curving over M, we use certain local data. Although 
there does not generally exist a pseudo T-bundle for an equivariant bundle gerbe, 
it exists locally. Such local pseudo T-bundles constitute local data. The char- 
acteristic class will be defined as the obstruction to gluing local data together 
to construct a pseudo T-bundle globally. (We can find this idea in [7].) 

Let U* = {U'-P^ = {Ua }ae'H'.p^}p>o be an open cover of G* x M. For an 
equivariant bundle gerbe Gg = {Y,, (Yq, P, s), (Q, t), u) equipped with a connec- 
tion V(3 = (V, D^ei) and a curving /, we consider the following data (i)-(iii). 

(i). For a G SI*-"', a pseudo T-bundle {Ra, Va) for (Yq, P, s)| (o) and a connec- 
tion r/a on {Ra,Va). 



(ii). 


For a,/3 e St'") such that UJffj = 0, a section Wa/s : Yol^jW ^ Ra <» i?f "^ 




satisfying Swap = w®""^ ^ vp on Yq \jj{q). 


(iii). 


For a e 21*^^^ a section r^, : Yil^ci) ^ dRa «> Q®"^ such that Sr^ = 



-f2l 



dv^-'^ (g) t on rf 
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We make a remark on the notation dRa above. By the hypothesis, we have 
the following commutative diagram for i = 0, 1: 



nl 









di 



u 



(0) 

a.(a)- 



We mean by dRa the principal T-bundle dQRg^ra) ' 
meaning of dva is the same. 



^i^ajd^overFil -,). The 



"-91 (a) 



Lemma 5.1. Let W — {U'-P^}p>o be an open cover of G* x M . For p = 
0, 1 we suppose that W^' is a sufficiently fine good cover of G^ x M so that 
we can take local sections ipa ■ Ua 

{{Ra,Va),ria,Wap,ra} for (Gc'^cf) 



Yp\j.(p) . Then there exist local data 



We remark that f/'a and f/'a are not necessarily compatible with the face 
maps. (If G is compact, then we can take such compatible sections |2B].) We 
also remark that, for an open cover U* given, we can construct an refinement 
of W which satisfies the assumption in the lemma above. 



Proof. Using a local section ipa -Ua 



1^1 (0) , we define, for p > 1, a map 



(^l2...p, ^i°)o7r): rj^'| ,„, 



Yr 



[P+1] I 



by {vi 



1,(0) 



Vp) '-^ {yii- ■ ■, Up, Wa o 7r(yi)). For p> I, these maps satisfy 



TTi O (ii2...p, Va OT^) = 



(0) 



- (^ 



12---P-1, 



tpa OTt) OTTi, (i = 1, . . . ,p). 



id, (i^p+i). 

Now we define a principal T-bundle by Ra — {ii, tpa o t:)*P'^^^. Then a 
section Va ■ Yq Lr(o) - 



) P is obtained by setting Va — {ii2,ipa ° tt)*s 



A computation shows that (zi23,V'a ° 7r)*(5s = Sva <8) s*^ ^. Thus, 6s — 1 
leads to 5va = s, and we have constructed a pseudo T-bundle {Ra, Va) for each 



(0) 



a. We also define a connection rja on Ra hy r]a — (ii, f/'a ° i')*V. Because 
VaiSr]^~^ V) = («i2,'0a o tt)* [s* (SV)) , wc have a connection rja on {Ra,Va)- 

Next, we suppose that U^I = Ua H Ui is not empty. We take sections 



V'i"^ : UL'^ 



Yo\ 



and ^ 



Ug ' ^ YqI (0) ■ For p > 1 we define a map 



iti2-p, V'i°^o^, Vf OTT): yj^l| -0, 



Y 



[P+2] I 
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by {yi,...,yp)i-^ (yi, . . .,yp,i/'a ' oTr{yi),tpj^' on{yi)). This map satisfies 

{{il2...p-l,1pa OT^,1pp on)o'Ki, {i = l,..,_p), 
(il2...p, V'J;°^o7r), i^=P+l), 

(n2---p, ^a OTt), {i=p+2), 

In the case of p = 1 , the relation above gives a canonical isomorphism 

By the assumption, C/^J is a contractible open set. Hence we take a section 

o'ap '■ U^p — > {il)a\tpp )*P, and define a section Wap : i^ol^(o) —* Ra® Rf~^ 
by setting w^^ = (7r*crQ/3) (g) (ii, V'i ° tJ", V'V ° 7r)*s®~-^. By a calculation, we 
obtain (ii2, V'i ° '""j V'/j ° 7r)*(5s®^-^ = (5wq/3 (8) Wq (g) wf ~"^- Because ds = 1, we 
have constructed a section w^^ such that Swa/s — Va~^ ® vp- 

Finally, we construct a section Tq, : YiUci) -^ dRa ® Q®~^ such that 5ra = 

dv®-^®ton Yi'^'ly(i) for a G %^^\ Let vi^^ : U^a^ -^ Yi|^(i) be a local section. 
We define a map 

by 2/1 '"^ (j/ij "00 ° '''(j/i)). For « = 0, 1 we also define a map 

(ii o 9j, Va°(„) o a, o TT, 9j o -0(^1) o tt) : yil^a) — > i^J^' |^;(o) 

by y 1-^ (9i(2/), V'a^(a) odio ■n{y), dioipy o 7r(j/)). By computations, we obtain 
the following canonical isomorphism: 

Q®-i (g> dRc, = (ii, ^W o ^)*(5Q (g aP®-i) 

(g) (ii o (9i, ^'^"(q) o 9i o tt, 9i o -(/if^i) o 7r)*(5P 

By the assumption, we can take a section Tq, of the principal T-bundle 

over C/a \ Now we have a section r^ : i'iL(i) -^ dRa ® Q®~^ by setting 
ro = (*i, ^i^) o 7r)*t«-i ® (*i o ao, 0^"}„) o ao ° ^, ao o 41) o 7r)*s®-i 
(g) (ii o di, -tpQ^a) °di°T^, di° iPa'' ° "■)*« ® ttVc. 
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To show that r^ satisfies Sva — dv'^ ^ ^t, we define for i = 0,1 a. map 
(ii2 o di, -0^°!^) odiOTT, a, o ■0(^1) o tt) : r/^1 l^a) — > ^o"^' l(7<i) 



Si (a) 

by (2/1,2/2) ^-^ (^(2/1), ai(y2), ^^"(c,) ° ^^ ° Tr{yi),di o ^i o 77(2/1)). Then we have 
TTj o (ii2 o a, V'6,°(„) o a o TT, ^i o ^|^J-^ o tt) 

(n O dl, V'a°(a) O a O TI", 9i O 0i^^ O tt) O TTj, {j = 1, 2), 
(il2 O a^, a^ O tlj^a' O tt), (j = 3), 

(il2 o a^, -0^,°!^^ o a o tt), (j = 4). 

Because St = ds holds, computations show 

Sr^ ® dv^ ® i®-i = (zi2 o do, 0^"j(„) o 9o o TT, 9o o V^i^' o irySs^-^ 
(g) (ii2 o ^1, 0a°|„) o i9i o TT, ^1 o 0(^1) o nySs. 
Since i5s = 1, we have 6ra = dv®~^ ®t. D 

5.2 Construction 

We continue to use the notations in the previous subsection. When local data 
{{Ra,Va),ria,Wap,ra} are given, we define a cochain 

OU^ 9o.p \^C\U',T{2))^ XO'i.i®ifi'i.o© (12) 

31, col KJ if 0'0^2 g3 ^1,0,1 e if 2,0,0 

by the formulae 

7r*/a/37 = W/37 ® W^~^ (g) Wall, (13) 

Tr*gaf3 = 9^0/3 ® rf -1 (g) r^, (14) 

TT*h^^u®-^®dr^-\ (15) 

TT^^i/S = ^-^<;3(77„ ® <-i), (16) 



TT^c^i = -l—r:{[d7^^U ® Df-'), (17) 

ziTTV— t 

7r*0i = -i^(F(r/„)-/). (18) 

It is easy to verify that the definition above is well-defined and (|12|l is a cocycle. 

Lemma 5.2. Let us fix an open coverW — {Zi^^'}p>o of G' x M . Suppose that 
lA^^' is a good cover of M and that there exists a local section ipa ■ Ua ^ ^olfr(o) 
for each a E Sl'^-*. For {Ggt^Gt f), the class in H^{U',T{2)) represented by 
iliiJI) is independent of the choices of local data {{Ra,Va),rja,Wap,ra} ■ 
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Proof. Let {(^q, I'a), ?7a, w'^p,f'^} be the other data. First of all, we construct a 
section pa : io|y(") —>■ Ra® R'a~ such that Spa = v^~^ ® v'a as follows. Recall 
the map used in the proof of Lemma l5. II 



(«12---p, 1pa°T^) ■ Yo\„(p) > yj^^^' 



r(0)- 



There is a canonical isomorphism 

Since C/q is contractible by the assumption, there is a section Qa '■ Ua ^ 
C(^?"' ® K)- If we define p„ by pa = 7r*e„ ® (ii, ^o o 7r)*(^;f-i (^ t'a)®-\ 
then we have 6pa = v^~^ ®Va- 

By means of the section pa , we can define a cochain 

"'^^ UC\U',H2))= ^ot^MO (19) 



by setting 



^^ I -- V- ,- V-;; ii-u^o.i®i^i 



* ~ * / ^ /0 — In 



Then we can prove that 





where the left hand side is the cocycle given by {(i?Q,i'Q),?7Q, w^rt,?'^}. Thus, 
the resulting cohomology class in H'^{U* ,!F{2)) is independent of the choice of 
local data. D 

Proposition 5.3. To a G-equivariant bundle gerbe with connection and curving 
{Qgi^Gj f) over M we can assign a well-defined cohomology class 

SaiGc^cJ) & H^{G' X M,T{2)). 

Proof. Note that, for a given open cover of G" x M, we can take a refinement 
U* such that U^p^ is good for p = 0, . . . , 3. For such an open cover W, we 
have H'^{G' x M,T{2)) ^ H'^(U*,f{2)). By Lemma 01 we can take local 
data, and obtain the cocycle p2|l . The cocycle defines a cohomology class 
5{U*) e H^{U*,T{2)), which is independent of the choice of local data by 
Lemma E" 



24 



Let W* be the other open cover such that U'^^' is good for p = 0, . . . , 3. 
Let V* be a common refinement of U* and U'* such that V^°^ is good. We 
denote the induced homomorphisms by : H'^{W,f{2)) ^ H'^{V,T{2)) and 
0' : H'^{U'*,T{2)) -^ H'^{V,T{2)). The local data {(-Re, Wa),?7a, Wa/3,ra} on 
U* induce those on V* which give <f){6{lA*)). Similarly, we obtain local data on 
V which give 4>'{5{U'')). Because V(°) is good, we have 4>{5{U')) = 4)'{5{U'')) 
by Lemma O This implies that, in H'^{G* x Af,J^(2)), the class 5{U') is 
independent of the choice of the open cover U* . By setting Sc{Gg,^g, f) = 
S{L{*), we complete the proof of this proposition. D 

Proposition 5.4. Let {Gc'^G, f) o,nd {Ga,^C' f) ^^ G-equivariant bundle 
gerbes with connection and curving over M . We have 

SGiiGoyG, f)^-') - -SgIGg^g, /), (20) 

SgUGg, Vg, /) ® (G'g, V'g, /')) = SaiGG, Vg, /) + SaiG'a, V^, /'). (21) 

Proof. This proposition can be shown by fixing a suitable open cover U* of 
G* X M. Let {{Ra,Va),ria,Waf3,ra} be local data on W which give the class 
fc(eG,VG,/). Then {iR'^-\v^-'),7^2~\w^p\r^-'} give rise to local data 
for (5g,Vg,/)'^~^ It is direct to see that the data for (Sg.Vg,/)®"^ give 
-^g(5g,Vg,/). Let {{R'a,v'a),v'a:W^i3^r'^} be local data on U* which give 
Sg{Gg,^gJ')- Then {{Ra<»R'a,Va<»v'^),r]a<»r]'^,Wai3<»w'^f^,ra<»r'^} are local 
data for (Gc^gJ) ® {G'g^^'gJ')- The data give the class SaiGG^^Gj) + 
6g{G'g,^'gJ')- □ 

Proposition 5.5. A G-equivariant bundle gerbe with connection and curving 
{Gg; Vg, /) over M is trivial if and only if 5g{Gg, Vg, /) = 0. 

Proof. If {Gg, Vg, /) is trivial, then we have a pseudo T-bundle ((i?, u), r) with a 
connection 77 such that F{ri) = f. By restriction, we obtain local data {Ra,Va), 
rja and Tq. We put Wap — 1- Now it is clear that the associated cocycle 
ifT^ is zero. Conversely, if Sg{Gg,^G, f) vanishes, then (fT^ is written as a 
coboundary. By using the coboundary, we can glue the local data, which define 
p2|) , together to construct globally a pseudo T-bundle with a connection whose 
curvature coincides with the curving /. D 

Proposition 15.41 and Proposition 15 . 51 guarantee that the notion of stable iso- 
morphisms is an equivalence relation on equivariant bundle gerbes with connec- 
tion and curving. The propositions also imply: 

Corollary 5.6. Suppose that {Ggj'^g, f) o-nd {Gq^'^^'q, f) are G-equivariant 
bundle gerbes with connection and curving over M . They are stably isomorphic 
if and only if Sg{Gg,^g, f) = 5g{G'g, V^, /')• 

Now we return to strongly equivariant bundle gerbes. As we see in Lemma 
14.51 a strongly G-equivariant bundle gerbe with connection and curving {G, V, /) 
induces a G-equivariant bundle gerbe with connection and curving {Gg, Vg, /). 
We define 5g{G, V, /) e H\G' x M, T{2)) by 5g{G, V, /) = SGiGG^'^G, /)■ As 
a corollary to Proposition 15. 4M^31 we summarize the properties of the class. 
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Corollary 5.7. Let (5,V, /) and (5',V',/') be strongly G-equivariant bundle 
gerbes with connection and curving over M . 

(a) We have 

SgHG, V, /) ® (^', V, /')) = SciG, V, /) + SciG', V, /')• 

(b) (tJ,V,/) is trivial if and only ij 5g{Q,'^ , f) — 0. 

(c) (Q,\7,f) and (5',V',/') are stably isomorphic if and only if 

5G{g,yj)^SG{g\v,f'). 

By using the last property, we prove some lemmas for later convenience. 
An isomorphism of strongly G-equivariant bundle gerbes with connection and 
curving is defined to be an isomorphism of the underlying bundle gerbes with 
connection and curving {^p,0) '■ {Q,\I,f) -^ (Q' ,V , f) such that ip and ip are 
G-equivariant. 

Lemma 5.8. If {Q,V, f) and {Q^V^f) are isomorphic, then they are stably 
isomorphic. 

Proof. Let {G'g'^'g' f) ^^ induced from {Q' ,W , f), W a sufficiently fine open 
cover of G* x M, and {{R'a,v'^),'n'a^w'^p,r'^} focal data for {Q'g^'^'g^ f) gi'^" 
ing the cohomology class fc(5', V',/'). Because ip^^ and ip are G-equivariant, 
W*{R'a^'"'a)-.f*'n'a-.^*'^'afi^^i'^'a} §1^6 risc to local data for {Gg-^^gJ), where 
(/?i : G X y ^ G X y is given by iy9i = id x (p. If we use the local data to give 
^G(e,V,/), then we have 5G(e,V,/)=^G(5', V',/'). D 

Let K e v^^^(^) be a G-invariant 1-form on Y. Then the connection 
V — (5k on P gives rise to a G-invariant connection on Q. Similarly, the 2-form 
f — dn gives rise to a G-invariant curving for V — 6k. 

Lemma 5.9. The strongly G-equivariant bundle gerbes with connection and 
curving {Q, V, /) and {Q, V — Sk, f — dn) are stably isomorphic. 

Proof. Let W be a sufficiently fine open cover of G' x M. We take local data 
{{RaiVa),ria,Waf3,ra} for [Qgi^^ Gi f) iuduccd from {Q,V,f). We also take a 
local section -00 : [/„ — > ^Ljco) and put Kq, = '/'at. Since k is G-invariant, 
{(i?Q, Wq), rja — 7r*Ka, Wq/3, Tq} givc rise to local data for the equivariant bundle 
gerbe with connection and curving induced from (Q, V — Sk, f — dn). We can 
verify that the Cech cocycles defined by these local data are the same. D 

Remark 3. In Section|31 we mentioned the Dixmier-Douady class associated to a 
bundle gerbe Q over M . Suppose that U is & good cover of M . Then the cocycle 
ifaPi) S Z'^i^iT.) defined by l|13() represents the Dixmicr-Douady class S{G) G 
ij2(Af,T) = H^M,Z). Similarly the cocycfo (/a/?^, ^i/3, ^a) S Z^{U,Ti2)) 
defined by ifT^ . l(TH|l and ifTI^ represents the class 6{Q,\7,f) associated to a 
bundle gerbe with connection and curving (Q^ V, /) over M . 
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5.3 Classification 

Here we classify G-equivariant bundle gerbes with connection and curving by 
using the cohomology class i5g(5g) Vg, /)■ However, the classification is not 
necessary in the sequel, so the reader can skip this subsection. 

Theorem 5.10. The group of stable isomorphism classes of G-equivariant bun- 
dle gerbes with connection and curving over M is isomorphic to the cohomology 
group H^{G' x M,T{2)). 

Proof. By Proposition l5.4l and Proposition 15. 51 the assignment 

(eG,VG,/)>->fc(^G,VG,/) 

induces a nionomorphism from the group of stable isomorphism classes of G- 
equivariant bundle gerbes with connection and curving over M to the cohomol- 
ogy group H^{G* X M, JF(2)). To prove that the monomorphism is surjective, 
we take and fix a cocycle 

/a/37 
0if3: gcp \eZ\U\T{2)), (22) 
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where U* — {U^^^}p>o is an open cover of G* x M. 

First, we construct a bundle gerbe over M as follows. Using the open cover 
U^p) = {U^^^} atzijj^ip) , we put Yp = IJaea(p) Ua . By virtue of the face and 
degeneracy maps of G^ x M, the sequence Y, — {i^}p>o gives rise to a simplicial 
manifold. Apparently, we have a simplicial surjective submersion tt : Y, ^ 
G'xM admitting local sections. We put P = yj^' x T. Note that 5P = yj^' x T 

and yj^' = Ua.,3,7ea(o) t^SV ^^ A<i^o^(^ by s = Ua,/3,7Ga«')(id >< /o/sV ^^^ 
section s : yj^' ^ 5P that carries x G C/^^^ to (x,/-^\(a;)) e C/^J^ x T. Then 
Q — (yg, P, s) is a bundle gerbe over M . 

Second, we make this bundle gerbe into G-equivariant. We define a principal 
T-bundle Q ^ yi by Q = yi xT. Since yf ' = Ua,/3Ga(i) ^S ^^^ 5Q®~^®dP = 

y^'^l X T, we define a section t : yf ' ^ 5Q®-i ®dPhyt = Ua./5ea(i) (id x ffa/s)- 
Similarly, because dQ = y2 x T, we define a section u : Y2 —^ dQ hy u = 
UQGa(2)(i'^x'*a^)- Then tJc = (y,, (yo,P, s), {Q,t),u) is a G-equivariant bundle 
gerbe over M. 

Third, we give Qg a G-invariant connection and a G-invariant curving. A 
connection V on (yo,P, s) is given by V = UQ./3ea(")(^27r\^6'^^ + u^^du), 
where u~^du stands for the Maurer-Cartan form on T. If we define a relative 
connection Drei on Q by Drei = Uaea<i)(~-^^^^'^i + [u^^du\rei), then Vg = 
(V, Drei) is a G-invariant connection on Qq. A G-invariant curving / for Vg is 
defined by / = Uae2i(o)(-2^A^^a)- 
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Finally, we take local data {{Ra,Va),'r]a,Wa/3,ra} for {Gg^^g, f) with re- 
spect to the open cover U* as follows. 

Re = Yo\u^ X T - y (7^' X T, 

Vc.= \J (idx/^1), 

"Wq/S = |_J (id X /iQ;3), 

By direct computations, we can see that the cocycle defined by the local data 
above coincides with the given cocycle (I22II . D 

We note that the cohomology H^{G* x M,T{2)) also classifies the isomor- 
phism classes of G-equivariant gerbes with connection and curvings |18| 

Forgetting connections and curvings, we can obtain the following classifica- 
tion of G-equivariant bundle gerbes. 

Corollary 5.11. The group of stable isomorphism classes of G-equivariant bun- 
dle gerbes over M is isomorphic to H^{G* x M, T^.^^j). 

The isomorphism in the corollary above is induced by the assignment to Qq of 
the class 5g{Qg) G H^{G* x Af, T) represented by the cocycle {fai3-y,gai3, ha) S 
Z'^{U*,T) determined bv ^ . fTI|) and ((T ^ . 

If G is compact, then H™(G* x M, T^.^^j) is isomorphic to the equivariant 
cohomology group (0) Hq'^^{M, Z) for to > 1. Thus, in this case, the group of 
stable isomorphism classes of G-equivariant bundle gerbes over M is isomorphic 
to H^{M,Z). 



6 Obstruction 

In this section, we prove Theorem |21 the element f3{G,'^,f) G Z/B given in 
Section ^ is the obstruction to the reduction of a strongly equivariant bundle 
gerbe with connection and curving. For the purpose, we relate (3g{Q, V, /) with 
the characteristic class 5q{Q^\I ^ f). Then the results on equivariant smooth 
Deligne cohomology groups lead to the proof. 

Throughout this section, G denotes a Lie group acting on a smooth manifold 
M by left. 
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6.1 Relation to the characteristic class 

To begin with, we recall the definition of PciG, V, /) g Z/B. 

Apart from the dual space g* = Hom(g, M) of g, we introduce a similar vector 
space Q^ = Hom(0,v^R)- This will help to suppress notations in the below. 
We usually identify these vector spaces thorough the map q^ -^ g* given by 
z 1-^ j^^j=z. We also denote by ( | ) : g (g) fl^ -^ -y/^M the natural contraction 

between g and g^. 

Recall the moment 4 associated to an equivariant principal T-bundle with 
connection. Let 7^ ^ M be a G-equivariant principal T-bundle equipped with 
a G- invariant connection Q. The moment associated to (7^, 6) is a function 
fi : M ^ g'' defined by {X\fi{x)) = <d{p;X*), where p ^ V is a point lying 
on the fiber of x G M and X* £ TpV is the tangent vector generated by the 
infinitesimal action of X g g. It is easy to verify that {X\d^) + Lx'Fi*^) = 
and 5*/i — Adg/i for X e g and g E G. 

Lemma 6.1 f |25[ V Let {Y,P,s) be a strongly G-equivariant bundle gerbe over 
M, V a G-invariant connection on {Y,P,s), and A : Y^'^' — > g^ the moment 
associated to (P, V). Then the space {X : Y -^ g^| SX = X} is non-empty and 
forms an affine space under A'^{M,g''). 

Proof. Since g^ = Hom(g, a/^"R) is a vector space, Lemma 13.11 provides the 
following exact sequence: 

^ A«(Af,gt) ^ A"(y,gt) ^ A"(r[2],gt) i, A°(r[3i,gt) ^ . . . . 

A computation shows that A £ A^{Y^^\g'') satisfies 6X = 0. Hence the lemma 
follows from the above exact sequence. D 

Definition 6.2. Let Q = (Y, P, s) be a strongly G-equivariant bundle gerbe 
over M equipped with a G-invariant connection V and a G-invariant curving /, 
and A : Y^"^^ — > g^ the moment associated to (P, V). Taking a map X : Y ^t g^ 
such that SX = A, we define {E,C) eC = A^M,g*) © G°°(G, AO(Af,g*)) by 

{X\7r*E) - -i^ {{X\dX) + ix' f) , (23) 

(X|^*C(.9)> = -^{X\g*X - Ad,A), (24) 

2,11 ^/—l 

where ix* is the contraction by the tangent vector field on Y generated by the 
infinitesimal action of X G g. 

Once A : y -^ gt is chosen, we can verify the following formulae for (P, Q): 

--^iX'^^{X\dE), 

g*E-AdgE^dag), 
Ad.ah) - Cigh) + h*a9) - 0, 
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where fl is the 3-curvature of {G, V, /). Hence {E, () belongs to Z. We can also 
verify that [E, C] S Z/B is independent of the choice of A : F ^ g^. 

Definition 6.3. We define /3g(^, V, /) G Z/B by PaiG, V, /) = [E, (]■ 

Now we recall the connecting homomorphism induced by ^: 

13 : H^{G' X M,^(2)) — > H^{G' x M,F^T{2)). 

Since the characteristic class 6g{G, V, /) belongs to H^{G' x M, .F(2)), we have 
/3('^G(a, V,/)) e i/3(G' X M,Fi^(2)). 

Proposition 6.4. Let (tj, V, /) be a strongly G-equivariant bundle gerbe with 
connection and curving over M. Under the isomorphism in Lemma \2.!A we 
havep{5G{Q,VJ))=f3G[Q.yj)- 

To prove Proposition l6.4l we need some preparations. Recall that a strongly 
G-equivariant bundle gerbe [Y, P, s) over M defines a G-equivariant bundle 
gerbe (G* x Y, (F, P, s), (Q, t), u). In particular, we have a section t : G x yl^l -^ 
dP such that dt = \. If V is a G-invariant connection on (F, P, s), then we have 

t*[dV]rei ^ in ^/=^Al(G x rl^l)^;, that is, r(5V) e \^FU1(G x fI^I). 

Lemma 6.5 (HH). T/iere is t (^ ^piF^A^{G x F) smc/i that 5t = t*{dV). 

Proof. Note that 6{t*dW) = 0. Thus, by means of Lemma l3. II there is a 1- 
form r G ^A'^{G x F) such that 6t = t*{dV). Because t*{dV) belongs to 
yn:F^A^{G X F[2])^ the 1-form t belongs to \^PUi(G x F). D 

Lemma 6.6. There exists a surjection 

m:{Te V-iF^A^{GxY)\ 6T = t*{dV)} —> {X e A"{Y,g'')\ S\ = \}. 

Proof. We define a map w : ^F^A^{G x F) ^ A^{Y,q^) by {X\w{T){y)) = 
— T((e, y);X ®Q). Notice the following formula: 

(i*(aV)) ((<?, (2/1, y2));5^ © W^) = -(X|.g*A(yi, j/2)), 

where W G Ti^y^^y^)Y^'^^ is a tangent vector. Thus, if r e ^/-iF^A^{G x F) 
satisfies Jr — t*(9V), then (5n7(r) = A. Suppose that A G A°(F, gt) satisfies 
5A = A. If we define t e V^FU1(G x F) by T((.g, y);gX ® F) = -(X\Xigy)), 
then 5t = t*{dV) and m{T) ^ \. D 

T/ie proof of Proposition [^^ First, let Zi* be a sufficiently fine open cover of 
G* X M. For the G-equivariant bundle gerbe with connection and curving 
induced from the strongly G-equivariant bundle gerbe (^,V,/), we take local 
data {{Ra, Va),r]a, Wa0, ra} and define 



eZ^{U',Ti2)) (25) 
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by (nnii - (El). 

Second, we lift the cocycle ^ mZ'^{U',T{2)) to acochainin C2(Z./', J^(2)). 
For this aim, we note that Q and Drei are trivial. Thus w;^ € A^(JJa )rei is 



7r*^i = ^ "r^ ^a[^^a 



re/ ■ 



By the help of Lemma [6.51 we can take a l-form t e \/^"f ^A^(G' x Y) such 
that (5t = t*{dV). Using this l-form, we define (I>i e ^^(C/i,^^) by 

Clearly, [(D;!,]rei — w^. Thus we have a hft of the cocycle (JSIJ: 

/a/37 
Olp. 9o.p \eC\U\T{2)). (26) 



a ' Q ' 



Third, we compute the coboundary of the cochain H26|l . By direct computa- 
tions, we can prove the following formulae: 

d^ip + 7; — 7='^log5a/3 - 5[Ij^ = 0, 

96*2 - dul = -—={dT ~ 9/)|y(i), 

^^^ + ::; — ^=dlog/i„ = -- — ^=9r| (2). 
zTry— i zTry— i ° 

By using these formulae, the coboundary of 12()|) yields the following cocycle in 
the complex ^■. 

^ -.{dr- df), \=dT\ e F'^A^iG x M) ® F'^A\G^ x M). 



27rV-l 2ttV-1 

Finally, we compute the corresponding cocycle {E, () E Z along Lemma IT^ 
Then we find that the cocycle {E, C) is expressed as (|23|) and (|24|) by using 
A — ta7(t), where zu is the map given in Lemma 16.61 D 

6.2 Proof of Theorem El 

By the help of ProDOsition l2.5l the following exact sequence is induced from ((TJ : 



H\G' X M, T{2)) -^ H^{G' x M, F^T{2)) — ^ H^{M/G, T{2)) (27) 
^^H^{G'xM,T{2))^H^{G'xM,F^T{2)). 



31 



Theorem 6.7. Let G and M be as in Provosition \2.5V and {G, V, /) a strongly 
G-equivariant bundle gerbe with connection and curving over M . 

(a) There exists a bundle gerbe with connection and curving (^,V,/) over 
M/G whose pull-back under the projection q : M —f M /G is stably isomorphic 
toig,\/J),tfandonlyiff3G{g,VJ) = 0. 

(b) The stable isomorphism classes of such {Q,\I^f) as above are in one to 
one correspondence with Goker{f3 : H\G' x M, T{2)) -^ H^{G' x M, F^T{2))}. 
In particular, if the Lie algebra q of G is such that [g,0] — Q, then the stable 
isomorphism class of (t/, V, /) is unique. 

This is the strongly equivariant bundle gerbe version of Theorem ^ and 
includes Theorem El as (a). 

Proof. First of all, we notice that the isomorphism q* in Proposition 12.51 is 
induced by the simplicial map q : G* x M ^ {e}* x (M/G). Recall that, for a 
bundle gerbe with connection and curving {G, V, /) over M/G, the constructions 
in Lemma 14.51 and the pull-back operations are compatible. Hence we have 
^oq*{5{g,Vj)) = 5G{q*{Q,Vj))y^H\G*xM,T{2)). 

Using Proposition E3I we identify I3g{Q, V, /) with P{5g{G, V, /)). By the 
exactness of (|27|) . there is a class c S H'^{M/G,!F{2)) such that ip o q*{c) = 
fc(^, V,/) if and only if /3(<5g(^, V, /)) = 0. By Proposition IXTll the class c 
is realized by a bundle gerbe with connection and curving (^, V, /) over M/G. 
Because (5g(<?*(^, V,/)) = (5g(^,V,/), the pull-back of (^,V,/) is stably iso- 
morphic to {G,'^,f) by Corollarv l5.7l fc'l. which establishes (a). 

For (b), it is clear that the set of the stable isomorphism classes of such 
{G, V, /) as in (a) is identified with the kernel oi ip o q* , which is also identified 
with the cokernel of /3. The last part of (b) follows from Corollarv l2.8l D 

We notice that the cohomology H^{G' x M,T{2)) is isomorphic to the iso- 
morphism classes of G-equivariant fiat T-bundles ^S]. The homomorphism 
/? : H^[G' X M,f{2)) -^ H^{G' x M,F^T{2)) is interpreted as the assign- 
ment of „ ~ r^ times the moment. 

Before we proceed to the next section, we consider the case where connections 
and curvings are absent. 

Proposition 6.8. Let G and M be as in Proposition \2.5V and Q a strongly 
G-equivariant bundle gerbe over M . 

(a) There exists a bundle gerbe Q over M/G whose pull-back under the pro- 
jection q : M ~f M/G is stably isomorphic to Q . 

(b) The stable isomorphism class of such Q as above is unique. 

Proof. In the same way as 5G{Q^ ^j /)i we have a class 5g{G) G H^{G* x M, T) 
associated to Q. This is the complete invariant of stable isomorphism classes 
of G-equivariant bundle gerbes over M. It is shown |2IIj that the projection 
q : M ^ M/G induces an isomorphism q* : H'^{M/G,T) -^ H^{G' x M,T) 
under the same assumption as in Proposition 12.51 Thus, by Proposition 13.61 
there always exists such a bundle gerbe Q as in (a), and the stable isomorphism 
class of such Q is unique. D 
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7 Reduction 

As is seen, Theorem 16. 71 is proved in a rather abstract way by using the resuh 
on equivariant smooth Dehgne cohomology groups. To understand it more 
geometrically, we describe in this section a reduction of a strongly equivariant 
bundle gerbe with connection. Theorem O and Theorem ^ stated in Section ^ 
will be proved as Theorem 17.21 and Theorem 17.41 respectively. After that, a 
reduction of equivariant pseudo T-bundle is also described. 

The reduction presented here is based on that of strongly equivariant bundle 
gerbes given by Mathai and Stevenson '2S'. When a finite group acts, the other 
method of reduction is known by Gawedzki and Reis I15j . Their reduction 
is applicable to equivariant bundle gerbes which are not necessarily strongly 
equivariant. 

7.1 Reduction of strongly equivariant bundle gerbes 

Let G be a Lie group acting on a smooth manifold M, and {Q, V, /) a strongly 
G-equivariant bundle gerbe with connection and curving over M. Throughout 
this section, we put the following assumptions: 

(Al) the action of G on M is free and locally trivial; 

(A2) the quotient space M/G is a smooth manifold in such a way that the 

natural projection q : M -^ M/G is smooth; 
(A3) the action of G on F satisfies the same assumptions as (Al) and (A2). 



The assumptions (Al) and (A2) are those put in Proposition 12. 51 

First of all, we describe a reduction of the strongly G-equivariant bundle 
gerbe Q = {Y^P^s), forgetting V and /. By (A3), Y = Y/G is a smooth 
manifold. The surjection it : Y -^ M induces tt : Y ~> M/G, which is also a 
surjective submersion admitting local sections. For each positive integer p, we 
can naturally identify the fiber product Y^'^ with the quotient space {Y^^)/G. 
Hence we have a principal T-bundlc P = P/G over F^^l . We can also identify 6P 
with {SP)/G. Thus, the invariant section s : F^'^l -^ SP uniquely corresponds to 
a section s : Y^^^ -^ SP. Because Ss — 1, we have Ss = 1. Hence G — (Y, P, s) 
is a bundle gerbe over M/G, which is a reduction of Q: 

Lemma 7.1. The pull-back of the bundle gerbe Q = (Y , P,s) under the projec- 
tion q : M —t M/G is stably isomorphic to Q . 

We omit the proof of this lemma, since it follows from Theorem l7.2l 
Notice that the stable isomorphism class of Q is uniquely determined by that 
of t/, as a result of Proposition |^J 

Next we construct a connection and a curving on Q from V and /. By (Al) 
and (A2), we have a principal G-bundle q : M ^r M/G. We take and fix a 
connection S on this G-bundle. 

Now we suppose the vanishing of the obstruction: /3g'(CJ, V,/) = 0. This 
is equivalent to the existence of a map \ : Y ^ ^ such that b\ = \ and 
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(EX) = 0, where {E,() £ Z is defined by ^^ and ^^. Fix such a map for 
a while. We define a 1-form k G \/-lA^{Y) by k = (7r*S|A). Since C = 0, the 
1-form K is G-invariant, so that we have a strongly G-equivariant bundle gerbe 
with connection and curving (Q, V — 6k, f — dn) over M. We can easily verify 

tx-(V-(5K) = {X\~X-SX)^0, 
Lx'if-dn) = 27rV^(X|^) = 0. 

Hence W — Sk descends to give a connection V on ^, and f — dn descends to 
give a curving / for V. This construction of {Q, V, /) is a reduction of {Q, V, /): 

Theorem 7.2. // we fix a map X : Y —* g'^ such that 5X ~ X and {E, () = 0, 
then q*{Q,'S/,f) is stably isomorphic to {G,'^,f) as a strongly G-equivariant 
bundle gerbe with connection and curving. 

Proof. We write the pull-back q*g as {q*Y,{q^'^^)*P,{q^^^)*s)._ We have the 
natural G-equivariant maps 1^9 : y — > q*Y and (p : P ^ {q^'^^)*P. These maps 
form an isomorphism of strongly equivariant bundle gerbes with connection and 
curving {ip,(p) : {Q,W — 5n, f — dK) -^ q*iG,'^, /)■ Thus Lemma 15 .81 implies that 
g*(G,V,/) and (t/,V — Sk,/ — dn) are stably isomorphic. Because k is G- 
invariant, Lemma |5 . 91 implies that {G, V — Sk, f — dn) and {G , V, /) are stably 
isomorphic. D 

Our reduction of {G, V, /) is performed under a choice of A. In general, the 
choice is not unique. We can readily see the next lemma: 

Lemma 7.3. If Pg{G,'^, f) = 0, then the set of maps A : F ^ g^ such that 
6X = X and (E, (^) — is an affine space under the vector space 

H^{G' X M,F^T{2)) '^{fie A°(A/,gt)| g*^ ^ Adgfi, d^ = O} . 

Thus, If[Q,Q\ = Q, then the choice of such A is unique. 

Let A' : F — > 0^ be the other choice, and (^, V',/') the bundle gerbe with 
connection and curving over M/G obtained as the reduction with respect to 
A'. By the unique map fj, : M ^> q^ such that tt* fi = A' — A, we obtain 
k' — K = TT*{E\fi), where k' = (7r*5|A'). So we have 

{G, V - 6k', f - dK') = (g, V - Sk, f-dK- dn* (S|^)). 

Thus the choice of A does not affect connections on G'- we always have V' = 
V. On the other hand, the choice of A affects curvings on G- Though {E,\fi) 
does not descend to M/G in general, d{E\^) descends to give the 2-form a G 
yZ-lA^iM/G) such that q*a = d{E\fj.). So we can write f' = f- TT*a. 

Theorem 7.4. Suppose that (t/,V,/) and {G,^,f') are obtained as the re- 
ductions of {G,^,f) with respect to X and X' , respectively. They are stably 
isomorphic if and only if the difference A' — A is the moment of a G-equivariant 
flat principal T-bundle over M . 
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Proof. Suppose that (^, V, /) and (^,V,/ — TT*a) are stably isomorphic. By 
Corollarv l3.12l there is a principal T-bundle {R, ff) over M/G such that F{ff) = 
f ~- f — — (T. The pull-back q*R is naturally a G-equivariant principal T-bundle 
over M. Here we consider a G-invariant connection q*fj + (S|/^) on q*R. A 
direct calculation shows that the connection is flat and its moment is fi. 

Conversely, when /z is the moment of a G-equivariant flat principal T-bundle 
{R,ri) over M, we consider the G-invariant connection rj— (S|/z) on R. Because 
the moment oi ij — (Sj/z) vanishes, (i?, ij — (S|/i)) reduces to give a principal T- 
bundle with connection {R, fj) over M/G. Clearly, the curvature is F{f]) — —a. 
Hence {Q , V, /) and {Q , V, f — TT*a) are stably isomorphic by Corollarv l3.12l D 

Recalling Theorem l6.7l fb). we find that our reduction yields, by varying the 
choice of A, all the stable isomorphism classes of bundle gerbes with connection 
and curving over M whose pull-backs are stably isomorphic to {Q, V, /). 

So far, we fixed a choice of a connection S on the G-bundle q : M ^r M/G. 
We here vary the choice of S, fixing a choice of A. 

Proposition 7.5. As Jar as A is fixed, the stable isomorphism class of the 
bundle gerbe with connection and curving over M/G obtained by the reduction 
is independent of the choice of a connection on the G-bundle q : M -^ M/G. 

Proof. Let S and S' be connections on the G-bundle q : AI ^ M/G. We put 
K = (7r*S|A) and k' ^ (7r*S'|A). The reduction yields {G, V, /) and (^, V', /') by 
taking the quotient of {Q, V — (5k, / — d/t) and {Q, V — 5k' , f — dn'), respectively. 
Denote by ^ e A'-\AI, g) the difference f = S' — 5. Using the G-invariant 1-form 
a E \/—iA^{A'I) defined by a = (f|A), we can write k! — n — n*a. Hence we 
have V — 5k,' = V — 5k, so that V = V'. Notice that a vanishes in the direction 
of G. Thus we have /' = f — Tr*da, where a G ^/-IA^{A'I/G) is the 1-form such 
that q*a — a. Since —da is the curvature of the connection —a on the trivial 
T-bundle over AI/G, CoroUarv 13 . 1 21 completes the proof. D 

7.2 Reduction of pseudo T-bundles with connection 

Let Q — {Y,P,s) be a strongly G-equivariant bundle gerbe over M equipped 
with a G-invariant connection V and a G-invariant curving /. 

Lemma 7.6. Let ((i?, v), rj) be a G-equivariant pseudo T-bundle with connection 
for {Q, V, /), and p : Y —^ g^ the moment associated with {R, rj). We fix a map 
A : y — > gt such that 5\ — A, and define a G-invariant 2-form uj G \/—lA'^{M) 
and a map p, : M —* gt by 

^*uj = F(77) - /, (28) 

Tr*n = p- A. (29) 
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For X £ Q and g E G we have 

duo = -f), (30) 

{X\d^i) + ix'i^ = -{X\2TT^piE), (31) 

{X\g*^x - Adg/i) = -(X|27r^C(g)), (32) 

where f] is i/ie 3-curvature of f , and {E, C,) E Z is defined by using A. 

Proof. One can easily verify this lemma by straightforward computations. D 

Recall the reduction of (5,V, /). We take and fix a connection S on the 
G-bundle q : M ^f M/G. Choosing a map A such that 5\ — \ and {E, Q — 0, 
we put K = (7r*E!|A). Then the quotient of {Q, V — 5n, f ~ dn) gives {Q , V, /), 
which is the reduction of [Q, V, /) with respect to A. 

We can see that {{R,v),ri — k) is a G-equivariant pseudo T-bundle with 
connection for (t/, V — SK,,f — dn). So one may expect that {{R,v),r] — k) 
induces a pseudo T-bundle with connection for (^, V,/). However, it does not 
hold in general. 

Proposition 7.7. If ii vanishes, then we can construct a pseudo T-bundle with 
connection {{R,v),fj) for {Q,'S/,f) from {{R,v),r]). 

Proof. By taking the quotient of {R, v), we obtain a pseudo T-bundle (_R, v) for 
Q. It is straightforward to see that the moment oi rj — n is fj,. Thus, under the 
assumption of this proposition, the G-invariant connection rj — k descends to 
give a connection fj on the T-bundle R = R/G. We can easily verify that fj gives 
rise to a connection on the pseudo T-bundlc {R, v). D 

Ii fi — (and {E, Q =0), then the 2-form lo = [f — dn) — Fijj — dn) satisfies 
Lx'i^ = for all X E Q. Hence the 2-form induces CJ G ^/^A?{M/G) such that 
q*Lo = uj. If fi is the 3-curvature of /, then we have dio — — fi. 

8 Example 

In this section, we give some examples of reductions of strongly equivariant 
bundle gerbes. The first example deals with an action of S^ on S^ . In this 
case, we can obtain distinct stable isomorphism classes of bundle gerbes with 
connection and curving over the quotient space by the reductions. In the second 
example, we will define an equivariant bundle gerbe over an infinite dimensional 
space as a lifting bundle gerbe |2Z], and will obtain the "basic bundle gerbe" on 
SU{2) by the reduction. The third example is a reduction of a pseudo T-bundle 
with connection, which is tied up with the second example. 

8.1 The trivial bundle gerbe over S^ 

Let us consider the diagonal embedding of S*^ = T into S'^ = SU{2). This gives 
a free action of G = 5^ on M — S^. The quotient space is M/G = 5^, and 
q: M ^ M/G is the Hopf fibration. 
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We define a trivial bundle gerbe G = {Y, P, s) over M as follows. We put 

Y = M and define tt : F ^ M to be the identity. For all p we can identify Y^^^ 
with M by the diagonal embedding of M into Y^. We put P = F'^I x T and 
s = 1. By means of the trivial action of G on P, the bundle gerbe G is strongly 
G-equi variant. 

Let V be the trivial connection on the trivial T-bundle P. It is obvious that 

V is a G-invariant connection on G- If we define / G \/—iA'^{Y) by f — 0, then 
/ is a G-invariant curving for V. 

As is clear, the strongly G-equivariant bundle gerbe with connection and 
curving (5,V,/) gives 5g(5,V,/) = 0, so that /3g(S,V,/) = 0. To perform 
the reduction presented in Section [TTI we choose a map A : F -^ g^ such that 
6X = \ and {E, () = 0, where A : y'^' —^ g^ is the moment associated to (P, V), 
and (i?, C) e Z is given by (|2Sl and (JSIJ. It is clear that A = 0. If we take 
Ao : F — > gt to be Aq = 0, then we have SXq = A and {E, C) — 0. So we can take 
Ao as a choice. 

We also have the other choice in the present case. Note that G = S"^ is 
abelian and that the adjoint action on g = y^R is trivial. For r G K we define 
Ar : g ^ V^K by Xr{z) = rz. If we regard A^ G g^ as an element A^ G A^{Y,q^) 
in the natural fashion, then A^ is the other choice of A such that 5\ = \ and 
{EX) = 0. Because M = S^ is connected, we have H^{G* x M,F^T{2)) ^ 
g'l^ = R. Hence, by Lemma 17.31 any such choice of A is of the form A^. 

Now we perform the reduction of (^,V,/) with respect to A^. Let S be a 
connection on the ^^-bundle S^ -^ S^. We define Hr G y/—lA^{Y) by Hr = 
(S| Ar) — rE. We take the quotient of (t/, V — Snr, f — dur) to obtain {G, ^ , fr) 
over M/G = S'^. By the construction of ^ = {Y,P,s), we have Y = M/G. 
Hence the curving /^ is a 2-form on M/G ^ S^. If P(S) G y/~TA'^{S'^) denotes 
the curvature of the connection S, then we have the expression /,, ~ rP(S). 

Proposition 8.1. The bundle gerbe with connection and curving {G , V, fr) over 
M/G = S"^ is trivial if and only if r is an integer. 

Though we can prove this proposition appealing to Theorem l7.4l we give an 
easier proof by using Corollarv l3.12l 

Proof The Euler class of the T-bundle S^ -> 5^ is a generator of iJ^ (5^ , Z) = Z. 
Since P(S) is the curvature of a connection on this bundle, fr = rF{E) is the 
curvature of a connection on a T-bundlc over S^ if and only if r G Z. D 

By Proposition 12.21 (b) and Proposition 13.111 the the group of stable iso- 
morphism classes of bundle gerbes with connection and curving over 5*^ is iso- 
morphic to iJ^ (52^ T) ^ H^{S^,R)/H^{S^,Z). Since ^-^P(e) represents the 

de Rham cohomology class corresponding to r G M = iJ^(5^,K.), all the stable 
isomorphism classes of bundle gerbes with connection and curving over S^ are 
obtained by the reduction of {G, V, /). 
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8.2 Chern-Simons bundle gerbes 

As is pointed out by Freed ^^, higher gerbes appear as basic ingredients when 
we consider higher codimensions in field theories. In the context of SU{2) Chern- 
Simons theory |^|32j, such a gerbe is formulated over the space of connections 
on an S'C/(2)-bundle over an oriented closed 1-manifold J^I- The specialization 
in the case of the trivial S'C/(2)-bundle over S^ provides the example below. 
We note that it is related to the construction of the basic gerbes over compact 
simple Lie groups due to Behrend, Xu and Zhang |S]. 

Let su(2) be the Lie algebra of SU{2). We denote the space of connec- 
tions on the trivial SU{2)-hund\e over 5'^ by M = A^ {S^ , 5u{2)) . The group 
G = LSU{2) = C^{S^,SU{2)) of free loops in SU{2) acts on the space of 
connections by the gauge transformation. According to the convention of the 
present paper, we consider the left action of g € LSU{2) on A G A^{S^ ,su{2)) 
given by A H^ 9-^g~^ + 9d9~^ ■ 

Let us choose the standard base point on S^ , and denote the based loop 
group by Go = ^SU{2). As is well-known, the action of Go C G on M is 
free. The quotient space M/Go is identified with SU{2), and the projection 
map q : M ^ M/Gq with the holonomy of a connection around S^. Note that 
G/Go = SU{2) acts on M/Gq = SU{2) by the adjoint action. 

Letn-.Y^M be the trivial LS'C/(2)-bundle Y = M x LSU{2). We write 
r = LSU{2) for the structure group of Y in order to distinguish it from the 
group G = LSU{2) acting on the base space M. It is known ^01 that the loop 
group r = LSU{2) has a central extension F'^ for each integer k E Z: 

1 — >T — » f" ^ F — >1. 

Definition 8.2. We define a bundle gerbe Q'^ over M by the lifting bundle 
gerbe [52| associated with the central extension F'' and the trivial F-bundle 
TT : Y ^ M. We call G'^ the Chern-Simons bundle gerbe. 

The concrete description of Q'^ ~ [Y, P, s) is as follows. We introduce a map 
r : y[2l ^ F by yiT{yi,y2) = y2 for iyi,y2) e Y^^^ When we write y^ = {A,j.i), 
we have t(j/i,j/2) = 7r^72- The principal T-bundle P —^ F^^l is defined by 
P = t*F'=. The section s : F^^l — > 5P is defined by s{yi,y2,yz) = 723 ® 
(712723)®""^ ® 712, where %■ G F*-' is an element such that tJ7(%) = T{yi,yj). 

Proposition 8.3. The Chern-Simons bundle gerbe Q^ = (y, P, s) can be made 
into a strongly G-equivariant bundle gerbe over M . 

Proof. In general, the lifting bundle gerbe associated with an equivariant prin- 
cipal bundle can be made into strongly equivariant. We define a left action 
of G := LSU{2) on r = M X F = A^{S\ 5u{2)) x LSU{2) by (A, 7) ^ 
{gAg^^ -I- gdg^^,g'j). This is a lift of the action of G on M to that on Y. 
In order to make the T-bundlc P -^ F^^l into G-equivariant, we note that the 
left action of G on the F-bundlc Y commutes with the right action of F. We 
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define an action of G on yl^l x T^ by the induced G-action on yl^l and by the 
trivial action on T^. Because P — t*T^ is a G-invariant subspace of yl^l xF*^, we 
obtain a G-action on P which makes P — > F'^' into a G-equivariant T-bundle. 
It is easy to see that the section s : yl^l -^ SP is G-invariant. D 

Since Go is a subgroup of G, the Chern-Simons bundle gerbe G^ is a strongly 
Go-equivariant bundle gerbe as well. Since the action of Go on Y is free, we 
can perform the reduction of G'^- Then we obtain a bundle gerbe Q'^ over 
M/Gq = SU{2). We will see later that the Dixmier-Douady class of the bundle 
gerbe iskeZ^ H^{SU{2), Z). 

To construct a connection and a curving onQ^, we use results in jElESj- We 
denote by LieF = Lsu(2) = C°°{S\ su{2)) the Lie algebra of T = LSU{2). The 
Lie algebra LieF'^ of F*"' is naturally identified with the vector space Lsu(2) © 
V^K on which the Lie bracket is defined by 



[Xi®Zi,X2®Z2] = [Xi,X2]®c{Xi,X2), 

where the Lie algebra 2-cocycle c is 



c{XuX2) = -^ I T,{X,dX2). 



'51 

Because F acts on LieF*'' through the adjoint action of F'^, it is possible to define 
a map Z : V ^ Hom(LieF, v^M) by {Z{-f)\X) = Ad^(X ® 0) - (Ad^X) ® 0, 
where ( | ) : Hom(LieF, v^K.) (8) LieF -^ v^I^ is the natural contraction. An 
explicit formula for Z is 

{Z{j)\X)^^J^Ti:ij-^djX). 

This follows from the simplicity of su(2) and the following formula: 

c(Ad^Xi, Ad^Xa) = c(Xi, X2) + (Z(7)|[Xi, X2]). 

Let dr and Or be the left invariant Maurer-Cartan forms on F and F*^, respec- 
tively. Then the 1-form v — 9r — ■cci*0r ® is a connection on the principal 
T-bundle tu : F'' ^ F, and its curvature is F(j^) — —■^c{9r, dp). 

Since tt -.Y ^ M is trivial as a F-bundle, the Maurer-Cartan form Op defines 
the trivial connection Q on Y. We define L : y — > Hom(LieF'^', \/^M) by 

{L{A,j)\X®z) = ^ f TTiij-'A^ + j-'dj)X) + z. 

This gives a section L E A'-\M,Y Xj^^ Hom(LicF'"', v^K)) called a splitting 
|S]. A bundle gerbe connection V G ^/—iA^{P) and a bundle gerbe curving 
/ € V-AA'^ (Y) are given by 

V = T*^. + (Z(T-i)|7r*e), 
f = -{L\F{e(SO)), 
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where F(eeO) = d(e® 0) + i[e©0, OeO] = F(e)eic(e,e). in the present 
case, we have F{Q) — 0, so that / = — ^c(6, Q) and {Q, V, /) is fiat. 

Proposition 8.4. The connection V and the curving f are G-invariant. 

Proof. Note that the connection O on y and its curvature F(8) are G-invariant. 
Because t : F^^l ^ F and 7r2 : Y^^^ -^ Y are G-equi variant, the connection V 
is G-invariant. By a direct computation, we can prove that L is G-invariant: 
g*L = L ioi g E G. Hence the curving is also G-invariant. D 

The moment A G A^{Y^^\q^) associated with the G-equivariant T-bundle 
(P, V) is expressed as 

(X|A((^,7i),(A,72))) = (Z(r((A,7i),(A,72))-^)|e((A7i);^*)) 



27r js 



f Tr(72d72-iX - 7id7r'^), 



where X* is the tangent vector on Y generated by the infinitesimal action of 
X G Q = Lsu(2). One choice of A G A°{Y, g!') such that 5X = X is 



{X\X{A, 7)) = -{L{A, l)miA, 7); X*) © 0) 



■ / Tr((A-7d7-i)X) 



Using this map A, we compute {E,C) e A\M,Q*)G)G°°{G,A°{M,g*)) according 
to (|23|) and l|24|) . Then we obtain the following formulae: 

{X\E{A;a))^~^ f Tr(aX), (35) 

(XlCig)) = 0. (36) 

We write go — f^su(2) for the Lie algebra of Go = ^SU{2). The moment 
Ao G A°{Y^'^\gl) associated with the Go-equivariant T-bundle (P, V) is given 
by the same formula as 133|l . Hence the map Ao G A"(F, gj) given by the same 
formula as (|34|l satisfies SXq = Xq. If we use Ao to define {Eq, (q) E A^ {M, g^) ® 
C°°{Go,A'-\M,Qq)) by 123) and (|21jl, then it has the same expression as (jSSJ 
and (ESI. 

Lemma 8.5. If k ^ 0, then (3g{Q'' ,V , f) ^ Q and PGo{5'',y , f) 7^0. 

Proof For any /x G A"{M, g*), cocycles (^, C(g)) and (E+dn, C{g)+g*H-Adgn) 
define the same class in H^{G* x M, F^T{2)) = Z/6. If we define /z by 

(XKA)) = A^^Tr(AX), 
then we have E + dfj, = and {X\C,{g) + g* n - Adgfi) ^ ■:^;^^{Z{g-'^)\X). 
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Now we assume [E,C,] to be trivial. Then there exists /i' G A^{M,g*) such 
that d/i' = and ({g) + g*fi — Adg^ — g*fi' — Adgfi'. In other words, we 
can express Z : T -^ Honi(Lier, \/^R) as Z{g) — 2n^/^{^' — Adg^') using 
/i' G Honi(Lier, v^R). Notice that the Lie algebra 2-cocycle c of LieF*^ is 
obtained by c(X, y) — -^^ {Z {e~*'^ )\Y) . Thus, if such /x' as above exists, then 

c is expressed as a coboundary, so that the central extension LieF*^ is trivial. 
This is a contradiction, and /3g((?'^', V, /) = [E, (] is a non-trivial class. Because 
F'^ induces a non-trivial central extension of Go — il.SU{2) by restriction, the 
same argument shows that Pgo{Q^ i'^ 1 1) — [-E^cCo] is also non-trivial. D 

By this lemma, it turns out that we cannot perform the reduction of the 
strongly Go-equi variant bundle gerbe with connection and curving (^*', V,/). 

In order to obtain a connection and curving on Q^ by a reduction, we replace 
the curving / by the other one using a 2-form on M = A^(S'^,su(2)). As a 
preliminary, we denote hy 9 = g~^dg the left invariant Maurer-Cartan form on 
SU{2), and by ^ = dgg~^ the right invariant one. We define an adjoint invariant 
closed 3-form x e A^(SU{2)) and a 1-form e G A^ [SU [2) , su{2y) by 

{X\e) = -^Tr{{e + 6)X). 

When we consider the adjoint action of SU{2) on itself, we obtain {X\de) = lx'X 
and g*e = Ad^e for X G su(2) and g G SU{2). 

Lemma 8.6 (U). There is a G-invariant 2-form T G ^/—IA'^{M) such that 

{X\E) + -^LX^T = {Xmq*e), 

where q : M —>■ AI/Gq is the projection, and we write X{0) G su(2) for the 
evaluation o/ A G g = Lsu(2) by the base point on S^ . 

We refer the reader to j^ |^ for an explicit description of T and the proof 
of the lemma above. 

Since T is G-invariant, we obtain a strongly G- and Go-equivariant bun- 
dle gerbe with connection and curving {Q^ ,V , f -I- T) over M. We use the 
curving f + T and A given by (jSU in order to define {E' X') G A^{M,q*) ® 
G-(G,AO(M,0*)). Similarly, {E'^.Q'^) G Ai(M,05) © G°°(Go, A°(M,fl5)) is de- 
fined. 

Proposition 8.7. The cocycle [E' ,(,') "is expressed as 

{X\E') ^ (A(0)k*e>, (37) 

(A|C') = 0. (38) 

Thus, we have {E'^, Co) = and /3go(^'', V, / + T) = 0. 
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Proof. By (JH, we have {X\E') = {X\E) + ^-i^tj^.T. Hence Lemma Ei gives 
1)3 7() . Because (I23II does not involve curvings, we have C' = C = 0. D 

By the proposition above, we can perform the reduction of the strongly 
Go-equivariant bundle gerbe with connection and curving (tj*^, V, / + T) with 
respect to Aq. Because su(2) is simple, the Lie algebra go = ri5u(2) is such that 
[00, 0o] = 00- Thus, by Lemma |7. 31 the possible choice of a A required in our 
reduction is A = Aq only. 

Using Ao (and a connection on q : M ^ M/Gq), we obtain a bundle gerbe 
with connection and curving {Q'' , V, /) over M/Gq = SU(2) by the reduction. 
Lemma lS^ implies that the 3-curvature of {Q^ ^ V, /) is —2'K^J—ix- The de Rham 
cohomology class of x corresponds to fc e R = H^ {SU {2) ,'S.) . Hence we see that 
the Dixmier-Douady class 5{Q^) corresponds to fc e Z = H^{SU{2),Z). 

8.3 Chern-Simons pseudo T-bundles 

We give here an example of the reduction of an equivariant pseudo T-bundle. 
The pseudo T-bundle we consider is related to the Chern-Simons bundle gerbe, 
and is interpreted as the the Chern-Simons line bundle for a 2-manifold with 
boundary |13| . The reduction of the pseudo T-bundle provides the data of 
the quasi-Hamiltonian space given by Alekseev, Malkin and Meinrenken in the 
finite dimensional construction of the symplectic form on the moduli space of 
flat connections 1 . 

Notations in the previous subsection will be used without change. 

Let E be a compact oriented 2-manifold whose boundary 9E is identified with 
S^. We denote the space of connections on the trivial SU {2)-hund\e over S by 
N = Ai(E,5u(2)), and the gauge transformation group by iJ = C°°(E, SU{2)). 
As in the previous subsection, we consider the left action of 5 e if on A e A^ 
given by Ai^ gAg^^ + gdg^^ . We denote by i^o the subgroup of H consisting 
of maps g :Yj ^r SU{2) which carry the base point on (9E = S^ to the identity 
element in SU(2). 

The restriction of a connection to the boundary gives a map r : N ^ M. 
Similarly, we obtain homomorphisms r : H —f G and r : Hq —^ Gq- (We use the 
same symbol r for the maps induced by the restriction to the boundary.) 

Recall the strongly G-equivariant bundle gerbe with connection and curving 
{G'', V, / -|- T) over M. Through the homomorphism r : if ^ G, we can regard 
the pull-back r*{G^,V,f -I- T) as a strongly if -equivariant bundle gerbe with 
connection and curving over A^. 

Proposition 8.8. There is an H -equivariant pseudo T-bundle {R,v) for r*Q^ . 

Proof. First of all, we remark that the bundle gerbe r*Q^ — {r*Y,r*P,r*s) is 
canonically identified with the lifting bundle gerbe associated with the F-bundle 
r*Y over A^. Since Y — MxF, we have r*Y — NxT. Let us consider the obvious 
T-bundle i? = A^ x f over r*Y. We define a section v : r*yPl -^ 5i?®-i (g) r*P 
by v{{A, 71), (A, 72)) — (72)®^"^ 'X'71 <Xi (7f ^72), where 7,; e F is an element such 
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that •57(7^) — 7i. This satisfies Sv = r*s, and we constructed a pseudo T-bundle 
{R,v) forr*^^ 

Next we introduce an action of H on R. For g e H ^ C°°{J:, SU{2)), the 
Wess-Zumino term ^Hl is an element e^^^^^ € T'' such that n7(e^^^3^) = r{g). 
The following formula is known: 

e^-(9") = exp ^^ / Tiig-'dg A dhh-') ■ e'^-^^' • e'^-^^\ 

where the dot means the multiplication in F*^. Let C : H x N ^ T'' he 

Cig,A)^e^p'^jTv{AAg-'dg)-e'^-^3K 

This obeys C{gh,A) = C{g,hAh^^ + hdh^^) ■ C{h,A). So we can define an 
action of i? on i? = A^ x F*^ by (A, 7) 1-^ {gAg'^ + gdg-\C{g,A) ■ 7). This 
makes R into an iJ-equivariant principal T-bundle over r*Y. It is direct to see 
that the section v is iJ-invariant. D 

Let C be the Hermitian line bundle over r*Y ^ A^{T.,su{2)) x C°°(S, SU{2)) 
associated to the T-bundle R ^ r*Y. The line bundle C can be identified with 
the Chern-Simons line bundle for the 2-manifold E with boundary J^. So we 
call {R,v) the Chern-Simons pseudo T-bundle. 

Proposition 8.9. There is an H-invariant connection rj on {R,v). 

Proof. First, let d e \/—lA^{N) be a 1-form given by 

^iA;a)=-^I^TT{AAa). 

Using the connection 1/ on the T-bundle F''" -^ F, we define a connection r] 
on the T-bundle R = N x T'^ hy rj = t3 + i/. By computations, we can see 
v*{Sr]^~^ (g) V) = 0. Hence 77 is a connection on the pseudo T-bundle {R, v). 

Next we prove that 77 is 7?-invariant. For g S H, the difference g*!^ — i/ is a 
1-form on r*Y = N x T, and is expressed as 

7 / -I p 

(5V-^)((A7);a©7^) = ^y TiiaAg-'dg) 
for a tangent vector a © 7X e T(^A,'y)iN x F). The difference g*'d — f^ is 

{g*^^^)(A;a)^-^jTv{aAg-'dg). 
Therefore 77 is an i?-invariant connection on R. □ 
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Using the i?-equivariant pseudo T-bundle with connection {{R,v),rj) for 
the strongly il-equivariant bundle gerbe with connection r*{Q'','V, f + T), we 
define lu e \/—iA'^{N) and /i S A^{N,t)'') as in Lemma 17.61 where we write 
[) = C°°(i;,su(2)) for the Lie algebra of H ^ C°°(S, SU{2)). Then we have 

a; = cr — r*T, 
{XHA)) = ^ / Tr(i^(A)X), 

where a = M € \/^A^{N) is given by 



1 I ^ /» 

cr(A;ai,a2) = — / Tr(ai A 02) 



As is well-known T, :^ — T^'^ is a (formal) symplectic form on the space of 
connections on the S'C/(2)-bundle over S. 

Now we consider the reduction of the pseudo T-bundle. Let us introduce the 
following iJ-invariant subspace of TV: 

M-^(0)-{AeAi(S,su(2))|F(A)=0}. 

This is the space of flat connections. Because the action of i?o on N is free, so 
is the action on /x~^(0). The quotient space ^~^{0)/Hq is a finite dimensional 
smooth manifold |T]. In fact, we can identify iJ.~^ {0) / Hq with SU{2)^3^^\ where 
g{T,) stands for the genus of S. As is clear, the restriction oi r*{Q'',\/ , f + T) to 
/x~^(0) is a strongly iJo-equivariant bundle gerbe with connection and curving, 
and its obstruction to the reduction vanishes. We can naturally identify the 
bundle gerbe with connection and curving over /i~^(0)/iJo obtained by the 
reduction of r*(t/'=, V, / -I- T)|^-i(o) with the pull-back of {Q'', V, /) under the 
map f : fi~^{0)/Ho -^ M/Go induced from r : N ^ M. Thus, applying 
Proposition 17.71 we obtain a pseudo T-bundle with connection {{R,v),fi) for 
f*{Q^,Vj) by the reduction of {{R,v),ri). 

Finally, we see that the Chern-Simons bundle gerbe and the Chern-Simons 
pseudo T-bundle provide us data of a quasi-Hamiltonian space j^ I21| . 

Recall that the action of G on M induces the adjoint action of G/Gq = SU{2) 
on M/Go = SU{2). The residual action makes (^'^, V, /) into a strongly G/Gq- 
equivariant bundle gerbe with connection and curving. As associated data, 
we can recover the adjoint invariant closed 3-form x G A''\SU{2)) and the 1- 
form e e A°{SU (2), su{2)*). They satisfy {X\de) = lx-X and g*e = Ad^e for 
X esu{2) and g€SU (2). 

Similarly, the action oi H on N induces the action of H/Hq on ii^^{Q)/Hq. 
Note that H/Ho = G/Gq = SU{2), and f :_^-i(0)/iJo ^ M/Go is an equiv- 
ariant map. The residual action makes {{R,v),fj) into an i?/7fo-equivariant 
pseudo T-bundle with connection for f*{Q^,V,f). Let u) & ^piA^{^l-^{0)/ Hq) 
be the i?/iJo-invariant 2-form defined by cD = F{ri) ^ f ■ Note that uj is the 
unique 2-form such that q*oj — uj\^-iim = (cr — r*T)|^-i(o). 
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Proposition 8.10 (PP). We consider the space ^ ^{0)/Ho on which SU{2) 
acts, the SU (2) -invariant 2-form lu on fi^^ifi)/ Hq, and the SU{2)-equivariant 
map f : )i''^{0)/Ho ^ M/Gq = SU{2). Then we have 



duj = 27r^4f*x, (39) 

iX'UJ = -27r^(X|f*e), (40) 

{V e T,(M"i(0)/i7o)| Cb{x- V,W)^0 for W G T^{ii-\Q) / H^)} 

(41) 
= {X* e T,{^i-\0)/Ho)\ {X\f*e{x; W)) = for W e T,(^-i(0)/iIo)}. 

Therefore (/i~-^(0)/iJo, , ^)zt ^) gi'ves rise to a quasi- Haniiltonian SU{2)-space 
with its SU{2)-valued moment map f. 

We remark that (|39() and H40I) follow from Lemma [7. 61 

The quasi-Hamiltonian space above is a one considered by Alekseev, Malkin 
and Meinrenken in the finite dimensional construction of the symplectic form 
on the moduli space of flat connections 1 : let C C SU{2) be a conjugacy class 
of SU{2), and Afj:{C) the moduli space of flat connections on the trivial SU{2)- 
bundle over E whose holonomies around i9S = S^ are in C. We can describe the 
moduli space as A/'s(C) = f^^{C)/SU{2), and the symplectic structure is induced 
on f~^{C)/ SU{2) from the 2-form <D via the quasi-Hamiltonian reduction. 

As a framework including both the ordinary Hamiltonian spaces and the 
quasi-Hamiltonian spaces, the notion of Hamiltonian spaces for quasi- symplectic 
groupoids is introduced by Xu |H1]. Its prequantization is also introduced by 
Laurent- Gengoux and Xu '23' . It would be interesting to understand the reduc- 
tion of strongly equivariant bundle gerbes and equivariant pseudo T-bundles by 
using the framework. 
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